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Introduction 

In the last decade the research field under the name of topological quantum field theory (TQT) 
has undergone an impressive growth, since the early works by Schwarz ^ on the Abelian Chern- 
Simons theory and Witten [§, |l^ a huge number of models has appeared in the literature (see 

m for an extensive list of references). The adjective topological, deserved by all these models, 
stems from the goal they have been designed for: the representation and possibly the computation 
of topological and/or differential invariants of a suitable space by using quantum field theory. For 
instance, the correlation functions of gauge invariant observables in the Chern-Simons theory studied 
in this thesis, represent topological invariants of knots, and the modified partition function gives a 
topological invariant for the three-manifold M in which the theory is defined. The suggestion that 
quantum field theory might be useful to understand recent results on four-dimensional manifolds 
obtained by Donaldson |^ and on knot theory |^] obtained by Jones, was put forward by Atiyah and 
Schwarz |^ as a challenge for the theoretical physics community. Witten in |3|, |l^] showed that 
those suggestions were viable and he produced two paradigmatic examples of topological quantum 
field theory. 

We shall focus our attention on the topological quantum field theory introduced by Witten in 
[10 1, namely the three-dimensional Chern-Simons field theory. Differently from Witten's original 
approach, we shall adopt a fully three-dimensional point of view; no result from two-dimensional 
conformal field theory will be used. It turns out that the basic principles of quantum field theory, 
together with symmetry considerations are stringent enough to solve Chern-Simons theory (CS) in 
any closed connected and orientable three-manifold. It is worth to stress that the solution presented 
here can be provided with a completely rigorous formulation. The mathematical foundation of our 
work relies on Atiyah's axiomatic approach to topological quantum field theory [11| and in particular 
on the realization of these axioms studied by Turaev |12|. Indeed, as a matter of fact, the link 
invariants and the three-manifold invariants defined in terms of CS correlation functions coincide 
with the "quantum invariants" considered in [p!^ ]. 

From the point of view of a theoretical physicist the CS model is just a "strange" gauge theory 
with a huge number of symmetries which constrain the dynamics. Actually, the constraints are 
so strong that there is no room for standard "physical" excitations and, as a consequence, there 
is no dynamics at all. Moreover, the symmetries plus some "numerical" input from perturbation 
theory allow to solve the theory in and in S^. Remarkably, the same happens in any closed, 
connected and orientable three-manifold M. The crucial fact is that one can represent the effect of 
the non-trivial topology of M on the expectation value < W >m of observable as a symmetry 
transformation on the corresponding expectation value in . Producing the solution of the theory 
in M amounts to finding the operator W{C) whose insertion < W{C) W >gz gives the correlation 
function < W >m in A^. It turns out that this leads to an implementation of Dehn's surgery at 
the level of CS gauge invariant correlation functions in which can be used to solve the theory in 
any closed, connected and orientable three- manifold. From topology it is known that any closed, 
connected and orientable three-manifold can be obtained from by using Dehn's surgery, which 
consists in a finite sequence of elementary surgery operations corresponding to cut a solid torus 
from and glue it back by using a suitable homeomorphism. 

The goal of this thesis is two-fold: study the general properties of the surgery construction for 
a generic compact and semi-simple gauge group G as a first instance, and, as a second instance, 
show how powerful the three-dimensional point of view is for practical computations. By Turaev's 
or Witten's approaches only the case G = SU{2) has been considered extensively; actually one of 
the original aspects of this work is a complete study of the case G = SU{3). Other original results 
concern the general construction of the surgery operator under suitable conditions on the gauge 
group G, the derivation of some well known properties of rational conformal field theory in two 
dimensions by using three-dimensional CS theory, and finally a preliminary investigation on the 
relation between the fundamental group 7ri(7W) and the three-manifold invariant defined by using 
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CS theory. 

For the reader's convenience we shall outline the contents of this thesis. The first two chapters 
contain preliminary material. In chapter 1, CS perturbation theory in is reviewed; the observables 
of the theory, namely Wilson lines, are defined as quantum composite operators and this leads to 
the concept of framed knots in M^. The successive step is the study of CS theory in S^; it is shown 
that all the results obtained in are still valid, provided one restricts the CS coupling constant 
k to integers values as a consequence of the gauge invariance constraint. In chapter 2, the notion 
of tensor algebra is introduced and one of the most remarkable properties of CS observables is 
discussed: the satellite relations. In the last section of chapter 2, some useful calculation rules 
are summarized. With chapter 3 begins the original part of the work; the explicit solution of the 
theory in S'^ with the gauge group G = SU{3) is given, many examples are also worked out in 
detail. Chapter 4 is devoted to the reduced tensor algebra, which encodes all the information on the 
physical irreducible representations of the gauge group G. After a general definition of the reduced 
tensor algebra, the case G = SU{3) is studied with full details. In addition, for completeness, also 
the construction of the reduced tensor algebra for G = SU{2), already known in the literature, is 
presented. Chapter 5 contains a quick introduction to Dehn's surgery in preparation to chapter 6, 
in which the surgery construction in the CS theory is introduced. When the reduced tensor algebra 
is regular (this notion is defined in chapter 4) the general form for the surgery operator is produced 
and the surgery rules are given. As examples the manifolds 5^ x 5"^, x and the Poincare 
sphere with G = SU{3) are considered. Some general properties of the surgery operator are also 
proved. Chapter 7 is devoted to the construction of a non-trivial three-manifold invariant from the 
CS partition function. After some example, the relation between the fundamental group and the CS 
invariant is investigated. It is proved that, when G = SU(2), the absolute value of the non- vanishing 
CS three-manifold invariant for the lens spaces Lp/j. depends only on the fundamental group of Lp/^; 
numerical evidence for the case G = SU (3) is also given. In the last chapter, the relation between 
two-dimensional conformal field theory and three-dimensional CS theory is discussed . Appendix 
D contains a brief introduction to conformal field theory and a review of the original Witten's 
approach to CS theory. 
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Chapter 1 

The action principle and observables 



1.1 Perturbative quantization 



The field theory model which we are interested in is defined by the action |1C] 

Scs = — I Til A^dA + -iA^A^A\ . (i.i) 

4vr 7^3 V 3 J 

Eq. (|l . l| ) defines a gauge theory for the compact and simple group G ; the fundamental field is the 
connection 1-form 

A = A^ dx^ , Afj_ = A^Ta 

The generators of the gauge group G in some definite representation p are associated with the 
Hermitian matrices {T""} 



rpa rpb 



iffT" a,b,c = l,---n n = dim(Lie G) . (1.2) 



= TlTTTvTrp , (1-4) 



We use the following representation independent normalization 

Tr (t'^T^) = i^"^ ; (1.3) 

the trace Trp in the representation p is related to Tr by 

1 

4X{p) 

where X{p) is the Dynkin index of p. In a local coordinate basis the action takes the form 

Scs = ^ J^^ Tr(^A^d,Ap + A^ A^Ap^ . (1.5) 

It is important to point out that, in order to define the classical theory, no metric structure in 
is required. 

Let us consider a gauge transformation on A 

A ^ A' = U-^AU - iU'^dU , (1.6) 

where U : — > G is a G valued function in . Differently from standard gauge theories like 
QED or QCD, the CS action is not gauge invariant, indeed 

Scs[A] ^ Scs[A'] = Scs[A] + 27rkT^s[U] , (1.7) 
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where the Wess-Zumino functional Tm is defined in any orientable 3-manifold M as 

n = Tr [{U^^dU) A [U'^dU] {U'^dU)] . (1.8) 

In appendix A it is shown that Tm [U] is invariant under a small deformation of U 

Tm [U + 6U] = Tm [U] . (1.9) 

Therefore, the CS action in is invariant under infinitesimal gauge transformations. 

The gauge invariance of the CS action is crucial to quantize the model in M^; actually one can 
use 1 14, 15] the well experimented methods of BRS perturbative quantization |l^]. As usual, the 
first step is the gauge fixing; to carry out this task a metric on is needed. A simple and practical 
choice is the following 

g^,u = SfMu = I, 2, 3 . (1.10) 

The gauge fixing condition is the covariant (Lorenz) gauge 

G{A) = df'Af, = . (1.11) 

To avoid the over-counting of gauge equivalent configurations, the generating functional Z is defined 
following the Faddev-Popov ansatz 

Z[J,7J,f]] = J D[A,C,C] e'^Cs[A]+2idx Jtr{J^A^+cn+vc) 

We have introduced the sources for the gauge field A and for the ghost fields c, c 

C = cfTa, C = C^Ta, V = V'Ta , f) = f)''Ta . (1.13) 

By using 

5[G] = j D [B] exp (^-i^ j dx {x) G" (x)^ , (1.14) 

and eq.( |1.12| ) one gets 

Z [J, r?, r?] = D [A, c, c] exp i iStot [A, B, c, c] + 2i / dx tr {Jf'Af, + cr/ + r?c) i , 

J I J ) (1.15) 

where 

k f k f 5G°^ 

Stot = ^cs - ^ dx B''{x)^''Aa^, + ^ / dxdy Ca{x) — {x,y)c''{y) 

= Scs + Sg.f. . (1.16) 

The operator represents the variation of G"^ under an infinitesimal gauge transformation 

Al^ A1 + d^co--Ayf\^ , (1.17) 

with 

U{x) = exp(iu;), uj = u^Ta . (1.18) 
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In particular, with the gauge choice ( 1.11| ) we have [14| 



Stot = Scs + ^ j dxAld^Ba - j dxd^'ca{x){D^f^Cd . (1.19) 
The covariant derivative (D^)"''^ in the adjoint representation is defined as 

The total action Stot in the Landau gauge comprising the classical action, the gauge-fixing term 
and ghost contribution is given by equation ( |1.19| ). 

The total action Stot is invariant under the following BRS transformations 

s = {D,cT 

sic'') = -\[c,cr 

siB"") = . (1.21) 

The CS theory is renormalizable by power counting; the beta function and the anomalous 
dimensions of the elementary fields are vanishing |16] to all orders in perturbation theory. The 
only free parameter of the model is the renormalized coupling constant k which is fixed by the 
normalization conditions. Let r[A, i?,c, c] be the effective action of the theory. Since there are 
no gauge anomalies in three dimensions, one can always construct an effective action r[^, i?,c, c] 
which, in the limit in which the regularization cutoffs are removed, is BRS invariant. BRS invariance 
will be used to fix the normalization of the fields; indeed, as a function of the renormalized fields 
T[A,B, c, c] must satisfy the Slavnov- Taylor identity 

.(^P ^ + s{B) A + sic) j- + sic) A I T[A,Brc,c] = . (1.22) 

In eq.( |1.22| ), the appropriate normalization for the composite operators is understood. The effective 
action admits an expansion in powers of the fields, of course; let us consider for instance the terms 
r(2)[^^] and r(3)[^^] of this expansion which are quadratic and cubic in the field An , 

r(2)[^^] = j d^xct'yGZix,y)Alix,y)Aiiy) , (1.23) 



d^x d'y d'z <,7(x, y, z) A^(x) A^y) A^iz) . 



:i.24) 



The BRS invariance ( 1.22| ) implies that the exact two-point function G^ix^y) is related to the 
three-point proper vertex H^!^f'ix,y, z) by 



dlH^^^ix,y,z) = f\,GZix,z)5\x-y) 



:i.25) 



Our normalization of the fields is fixed by eq. ( |1.2lD ; equivalently, our normalization of the elementary 
vector field A^ is determined by eq. ( |1.25D . Let us now fix the normalization condition for k . As 
shown in [16|, the exact two-point function G^^(x,y) has the form 



GZix,y) = Ze^''-dl5\x-y)5a, , 



:i.26) 
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where Z is a real parameter. The parameter Z which is computed in perturbation theory is a 
function of the "bare" coupling constant ko . The functional dependence of Z on ko depends on 
the regularization prescriptions and/or by adding finite local counter-terms at each order of the 
loop expansion. The value of the physical coupling constant is also called the renormalized coupling 
constant and is usually determined in terms of the effective action F of the theory. We shall follow 
the standard field theory procedure and the value of the renormalized coupling constant k of the 
CS theory will be fixed by 



k 



8-kZ 



(1.27) 



where Z enters the exact two-point function ( p.. 26 ). With the field normalization (1.25), eg. ( [L. 271 ) 
represents the normalization condition for k . 

Condition (1.27) gives a good definition of the renormalized coupling constant k because 
eg. ( 1. 27 ) it is in agreement with the classical expression ( [1.19 ) of the action. Conseguently, when 
the correlation functions of the fields are expressed in terms of k , the eguations which follow from 
the action principle are satisfied. Conversely, for the renormalized correlation functions the action 
principle is valid only if the coupling constant k satisfies condition 



L23). 



All the results that we shall derive are conseguences of the action principle based on the func- 
tional ( l.ig| ); the expectation values of the gauge invariant observables will be expressed in terms 
of the physical coupling constant k . 

the two-point 



A remarkable property of the guantum CS theory is that, according to eg.( |1.2(: 
function does not receive radiative corrections; therefore, the full (dressed) propagator coincides 
with the free one 



{Alix)Al{y): 



k 



y\ 



(1.28) 



The function defined by the propagator, integrated along two oriented, closed and non-intersecting 
paths Ci and C2 in , must represent an invariant of ambient isotopy for a two-component link. 
The invariant associated with the expression ( |1.28| ) is simply the linking number [|l^] of Ci and 

C2, 



1 

in 



Ci 



C2 



y\ 



(1.29) 



The classical CS action was defined without referring to any metric structure in M^. In addition, 
infinitesimal gauge invariance implies that Scs is also invariant under an infinitesimal diffeomor- 



phism of ] 



+ ev^ , generated by the vector field v . The "general covariance" property of 



Scs is remarkable because is achieved only with the differential structure of M . However, we have 
seen that in order to gauge fix the theory an "external" metric is reguired. The guestion is: "Does 
the external metric break general covariance ?". In order to answer this guestion, let us compute 
the symmetric energy momentum tensor associated with the total action ( |1.19| ). By definition we 



?et 



T, 



1 1 5S^ 



tot 



2 ^ 5g>''^ 



(1.30) 



The operator Q , generating the BRS transformation in the Hilbert space of the theory, is defined 
in such a way that its action on a field (p is the following 



[Q,4>] = 5(0) 



(1.31) 



1.2 Composite Wilson line operators 
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From eq.( 1.30 ) and eq.( |1.31|) it follows that T^,y is Q-exact; indeed 



where 

The physical states of a gauge theory are those annihilated by the BRS charge, i.e. 

Q\f) = . 



:i.32) 



:i.33) 



:i.34) 



As a consequence of eq.( |1.34| ), the expectation values of the energy momentum tensor on physical 
states vanish 



(/'lVl/> = 



:i.35) 



Actually, the BRS symmetry of the theory guarantees that the external metric required to gauge fix 
the theory is immaterial when physical states are considered. Thus, invariance under infinitesimal 
diffeomorphisms of is preserved also at the quantum level. 



1.2 Composite Wilson line operators 

Let C be an oriented knot in M"^ and p an irreducible representation of the gauge group G. The 
Wilson line W{C; p) is defined as 



W{C;p) = TVPexp 



:i.36) 



where the path-ordering is introduced according to the orientation of C and { ^ } are the gener- 
ators of G in the representation p. The behaviour of W{G; p) under a gauge transformation is the 
following 



Pexp (h A 

1 - 



(Po 



[1.37] 



where Pi , P2 are the initial and final points of the curve 7 . From eq.( |1.37 ), it follows that W{C; p) 
is gauge invariant. 

In the framework of quantum CS theory, the object defined by eq.( |1.36| ) gives rise to a composite 
operator, consequently, a suitable definition of the Wilson line must be provided. In other words 
one has to specify the operative procedure used to compute the expectation values of this operator 
at any given order of the perturbative expansion of the theory. There is only one known procedure 
which preserves general covariance: a framing for the closed curve C, which enters the definition of 
the Wilson line, must be introduced |15, ^]. Let us start from the "classical" expression for the 
Wilson line 



W, 



classic 



< 1< s 



{C,p) 



1 + 







A^ {x{s)) -^ds 



ds ds A^^ {x{si)) Ay {x{s)) 



dx^ dx'^ 
dsi ds 



+ 



;i.38) 
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with knot C parameterized by x^{s) . The framing prescription for the Wilson line is defined in 
terms of the framing contour Cf given by 



y/^(s) = x^{s) + en''{s) e>0 = 1 . (1.39) 

The vector field is chosen to be orthogonal to the tangent vector of C , i.e. n^x^S^y = 0. For 
each oriented knot C, we shall introduce a framing Cf. The framed Wilson line is defined in the 
following way. In eg. ( p.. 38 ), each term of the type 



[x^^^{sM^.Msi))] , (1-40) 

is replaced by 

[x''^{si)Af,^{x{si))]j = {[±"^{3^) + e,n'^>(si)]^^, (x(s^) + e,n(s,))} . (1.41) 

The non-negative real numbers {e, i = 1,2, •••} are chosen in such a way that ^ ej 
The composed Wilson line operators W{C; p) associated with a link C with colour p is defined by 
replacing C by its framed analog CFramed, by taking the vacuum expectation value and, finally, by 
letting ej go to zero 

E{C;p) = hm {W{CFramed;p)) • (1-42) 
{e}^0 

The framing Cf of C is completely determined, up to smooth deformations of C and in the 
ambient space M^, by the linking number lk(C, Cf) of C and Cf . When the linking number of C 
and is vanishing, Cj is called a preferred framing for C. Given an oriented framed knot C in 

and an irreducible representation p of C, the associated Wilson line operator W{C;p) is well 
defined and is gauge invariant. We shall often call p the colour of C. 

Let us now consider a framed, oriented and coloured link L in with m components 
{ Ci, C2, Cm } • Let the colour of each component Q of L be specified by an irreducible repre- 
sentation Pi of G. The Wilson line operator W{L) associated with L is simply the product of the 
Wilson operators defined for the single components 

W{L) = W{Ci;pi)W{C2;p2)---W{Cm;Pm) • (1.43) 
The set of expectation values 



E{L) = {W{L): 



{0\W{L) 


0) 


R3 


(0|0) 


R3 



(1.44) 



which are defined for all the possible links {L} which are framed, oriented and coloured, is the set 
of the gauge invariant observables which we are interested in. 

The Wilson line operators ( 1.43| ) are defined for links which are contained inside some finite and 



closed domain of M'^. For this kind of observables, the vacuum expectation values can be computed 



by means of the standard BRS quantization procedure which is based on the action ( 1.19 ). In M 
there is no constraint to be imposed on the value of the coupling constant k; thus, perturbation 
theory is well defined because the expansion parameter A , given by 

A = (27r//c) , (1.45) 

is a free parameter and the expectation values E{L) are well defined for arbitrary values of A. This 
is why we chose as starting manifold; in fact, all the perturbative aspects of the CS model refer 
to the theory defined in M^. 



1.3 Chern-Simons theory on the 3-sphere 
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For any given link L in M?, the expectation value ( [L.44 ) admits an expansion in powers of A; 
each term of this expansion can be computed by means of ordinary perturbation theory. In order to 
verify that the observable E{L) is well defined, let us consider for instance the first three terms of 
this expansion. Let us consider the unknot U (simple circle) in with framing Uf and with colour 
given by the irreducible representation p of SU{3). The first three terms of the A-expansion of the 
vacuum expectation value of the associated Wilson line operator W{U, Uj; p) have been computed 
|18| by means of ordinary Feynman diagrams; the result is 



{W{U,Uf;p))\^, 



-\'Q\p) {imuj)) 



dimp) [l-i\Q{p) \k{U,Uf) 

2 1 



yQ{p) 



+ 0(A^ 



where Q{p) is the value of the quadratic Casimir operator in the representation p, 



(1.46) 



:i.47) 




Figure 1.1 



Let us now consider the Hopf link in in which the two components Ci and C2 are oriented as 
it is shown in Fig. 1.1. yLet Ci and C2 have framings Cif and C2/ respectively. When the colours 
of Ci and C2 are given by the irreducible representations p and p' of SU{3), one finds |18| 

{W{Ci,Cif;p)W{C2,C2r,p'))\^, = (dimp)(dimp') 
[l-iXQ{p)lk{Ci,Cif) - iXQ{p')lk{C2,C2f) 



-x'qHp') {HC2,C2f))' 



.X^Q{p)--X^Q{p') - -X^Q{p)Q{p') 



:i.48) 



hi conclusion, perturbation theory is well defined in and the expectation values of the observables, 
which are defined by the framing procedure, represent ambient isotopy invariants of framed, oriented 
and coloured links in M^. 



1.3 Chern-Simons theory on the 3-sphere 

In order to study the theory in 5^, we need to discuss the non-invariance of Scs under "large", 
i.e. non-shrinkable to the identity, gauge transformations. Let us introduce the concept of degree 
of map. Given a differentiable map f : N ^ M, with and M closed, connected and orientable 



manifolds of dimension n, the degree Dgry[f] of / is defined as |20| 

dx 



Dgry[f] = sgndeti^l^A , (1.49) 
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where y S M is a regular point. The degree is an integer and satisfies the following properties 

1. Dgvy [f] does not depend on the regular point y chosen. 

2. If /i and /2 are homotopic maps then 

Dgrih] = Dgr[h] . (1.50) 

If /i and /2 are homotopic, one can continuously deform /i to f2- Roughly speaking, Dgr[f] mea- 
sures the number of times that N winds M. The degree admits the following integral representation 



N 



Dgr[f] I u 
<M 



(1.51) 



where a; is a n— form on M, and f*oj is the n— form /—related with uj, i.e. f*oj is the pull-back of 

UJ. 

Let us consider first the case when the gauge group G is SU{2) and the manifold M where the 
theory is defined is S^. The group SU{2) is homeomorphic to S^. Thus, a gauge transformation 
U can be viewed as a map U : 5^ — > 5"^. By using the relation (|1.51j ) in the expression for the 
Wess-Zumino functional, we get 



T[u] = I n 
'53 



D[U] I UJ 
Ig 
Dgr [U] 



/ LO = m 
Jg Js 



m I UJ = mC 

53 



O = 99* u; , m 

where C is a constant. One can verify by direct calculation (see appendix A) that 

T[U] 



m 



(1.52) 



(1.53) 



The integer n labels the elements of 7r3(S'f7(2)), indeed 7r3{SU{2)) 
7r3(G) is expressed in terms of T[U] as (see appendix A) 



If U^^^ represents the generator of Z, one gets 



+ r 



f/(2) 



The multiplication law in 
(1.54) 



[/(!)... [/(I) 



mT[U{l)] C 



(1.55) 



Let us now extend the previous result to a generic compact and simple group G. The crucial fact 



for our purpose is the following theorem due to Bott |21] 



^^heore^^^^^J Given a continuous map f from into a simple and compact Lie group G, 
there exists a map f from into SU{2) C G homotopic to /. 



With the help of Theorem 1.1, eq.( |l.53|) can be extended to any compact a simple Lie group G. 
Thus, it follows that the CS theory action in with a simple and compact gauge group transforms 
under a gauge transformation according to 



Scs Scs + 2TTkm , 



(1.56) 



where n is an integer. As a result, the gauge invariance of exp(i Scs) in 5*^ constrains k to be an 



integer [22|. 



1.3 Chern-Simons theory on the 3-sphere 
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From a topological point of view, one can represent as M.^ with the points at infinity identified. 
As in M^, any link L in is contained in a three ball B^. Thus links in 5*^ and in share the 
same topological properties. Let us now consider the CS quantum field theory in S^; being and 

locally the same, the theory in exhibits the same ultraviolet behavior as the corresponding 
theory in M^. All the general properties of the expectation values of the observables in are also 
valid in S^. A change in the value of the coupling constant k does not modify the structure of the 
link polynomials E{L), it only modifies the numerical value of A. Now, in order to preserve gauge 
invariance, the coupling constant k is not a free parameter as in M^, but it must be an integer. Given 
the expectation value E{L)^3 of a Wilson line operator W{L) in M^, the corresponding expectation 
value E{L)g3 in can be obtained simply by taking k integer 

{W{L))\,3 = {WiL))\^, A: integer . (1.57) 

We shall fix the orientation of by adopting the usual right-handed rule to compute linking 
numbers (see appendix B). Clearly, a modification of the orientation of is equivalent to replace 



k with — A; in the action (LI). Moreover, the value A; = must be excluded because, when k = 0, 
the action (^]^) vanishes and thus a meaningful CS theory does not exist. Consequently, we may 
assume that k is positive. Therefore, the relevant values of k that we need to consider are 

k = integer , k = positive . (1.58) 

Note that also in a generic three-manifold M, which is closed connected and orientable, k is no 



more a free parameter; gauge invariance under large gauge transformations in M implies [10| that 
k must take certain integer values. Consequently, ordinary perturbation theory in M is expected 
to be (in general) ill-defined. Our way to solve the quantum CS theory in a generic manifold M 
consists of three steps. Firstly, we will solve the theory in M^, where ordinary perturbation theory 
is reliable and defines the theory unambiguously. Secondly, by taking into account the behavior of 
the action under large gauge transformations, we will extend the results obtained in to the case 
of the three-sphere S^. Finally, we will use the symmetry properties of the topological theory to 
solve the model in a generic three-manifold M. In this context, the relevant symmetry we will need 
to consider is related to twist homeomorphisms of solid tori. 



16 The action principle and observables 



Chapter 2 

Properties of the observables 



2.1 Discrete Symmetries 

Let p be a representation of G; the generic element U £ G in the representation p can be written as 

Up = exp{iTaW) . (2.1) 
The complex conjugate of U* gives a new representation p* of G, 

Up, = u; = exp(-ir„[p]*r) . (2.2) 



From Eq.( |2.2| ), it follows that the generators Ta[p*] in the representation p* are given by —Ta[p\*. 
For a compact group any finite dimensional representation is equivalent to a unitary representation. 
Thus, without loss of generality, we shall consider only unitary representations of G, i.e. ^^[p]^ = 

Ta[p\. 

Let W{C] p) be a Wilson line associated with the knot C and with colour p 

W{G;p) = TTPexp(^i j^Ta[p]A''^dx>'^ . (2.3) 

As a first example of discrete symmetry, we shall study the behavior oiW{C; p) under the replace- 
ment of p with p*. By definition we have 

W{G;p*) = TrPexp(^-i j Ta[p*]A''^dx''^ = TrPexp ^-i j TlpY^A^^dx''^ . 



It is not difficult to show by direct inspection that one can replace by T[p]a in (2^) simply 



by reversing the orientation of C and by introducing an overall minus sign in the exponent, i.e. 

W{C;p*) = TrPexp(^i^ ^ r[p],A«dx^^ , (2.5) 



where C ^ denotes the knot obtained from C by reversing its orientation. As result we get |n 

WiC;p*) = W{C-';p) . (2.6) 
The extension of ( |2.6| ) to a generic link L is straightforward 

E {G^^,- ■ ■ ,C^^;pi,- ■ ■ ,Pm) = E{Gi,--- ,Gm;Pi,--- ,Pm) ■ (2.7) 

Clearly the distinction between a representation p and its complex conjugate is a matter of conven- 
tion; as a consequence, given a link L with components {Ci, • • • , Cm} with colours {pi, • • • , Pm}, 



18 



Properties of the observables 



the expectation value of the associated observable should be invariant under the replacement of 
{pir-- , Pm} with {p\,--- , P*m}- More explicitly 

E{Ci,--- ,Cm;Pl,--- ,Pm) = E{Ci,--- ,Cm',Pl,--- , Pm) ■ (2-8) 

From equations ( |2.g| ) and ( p.TD one gets 

E (Ci, • • • , Cm,; pi, - ■ ■ , Pm) = E [C^ ^, • • • , C^^; pi, - ■ ■ , Pm) ■ (2.9) 



Equation ( |2.9D shows that for the expectation value of W{L), only the relative orientation of the L 
components is relevant. When a representation p is real, i.e. p ^ p*, one can find a non-singular 
matrix V such that 

T[p]l = - VT[p]aV-' . (2.10) 
By using exp (VBV^^) = V ex.p{B)V^^ and the cyclicity of the trace one obtains []l9|| 

W{C;p*) = WiC;p) = W{C-';p) . (2.11) 



Equation ( p.ll|) implies that when W{L) is associated with real representations, the regular isotopy 
invariant E{L) does not depend on the orientation of its components {Ci, • • • , Cm}- 

Another useful property can be deduced by taking the complex conjugation of the expectation 
value E(L) of W{L). By using the path integral representation of E{L) it follows 

E*{L) = J D[A,B,c,c]exp{-iStot)W*{Ci,--- ,Cm;pi,--- ,Pm) ■ (2.12) 
On the other hand, from equation (2.7) 

W*{Ci,--- ,Cm;pi,--- ,Pm) 

= W{Ci,--- ,Cm;pl,--- ,Pm) = W{C^\--- ,C„i;pi,--- ,pm) ■ (2.13) 

The change in sign of Seff. is equivalent to reversing the orientation of i?^ [S"^), or to changing k 
into —k. Putting all the pieces together one gets |l^ 

E*{L,-k) = E{L-^,k) . (2.14) 



2.2 Tensor algebra 

Let TZg be the set of representations of a compact and simple Lie group G. If pi,p2 £ T^g, then 
also pi © /02 £ T^G and pi® P2 ^ T^g- As a consequence TZq is actually a ring. TZg can be extended 
to an associative and commutative algebra T over the field C of the complex numbers [^]. The 
product between two elements xi and X2 of T will be denoted by X1X2 and the identity element 
of T corresponding to the trivial representation of G by The structure constants of T are 

determined by the number of irreducible representations contained in the tensor product of two 
given representations. To be more precise, for each irreducible representation p of the gauge group, 
we shall introduce an element x[p] ^ '^j the set of all these elements, which are defined 

for all the inequivalent irreducible representations, is the set which contains the elements of the 
standard basis of T. The structure constants of T are given by 

X[P1]X[P2] = Y.^Pi,P2,P ^iP^ ' (2-15) 
p 

where Fp_^ p is the multiplicity of the irreducible representation p which is contained in the 
decomposition of the tensor product pi ® P2- p ^ Pi ® P2-, then the corresponding coefficient 



2.3 Satellite relations 



19 



Fp^ P2 p vanishing. In the standard basis of T, the structure constants take non-negative integer 
values. The symmetry properties of { Fp_^ ,p2,p^ ^'^^ fixed by the simple Lie algebra structure of the 
gauge group; namely, one has 

^Pi,P2,p = Pp2,pi,p ' (2-16) 



^pi,po,p ^p*pi,p* ) (2-17) 



Pl ,P2 ,P " , P2 > P 

and 

^pi,P2,p = ^pI,p,p2 ' (2.18) 

where p* is the complex conjugate representation associated with the irreducible representation p. 

Let the finite-dimensional representation p be associated with the framed and oriented knot C. 
The Wilson line operator W{C;p) is also well defined when p is not irreducible. Indeed, in this 
case we can decompose p into a direct sum of its irreducible components and, since W{C;p) is 
the trace of the quantum holonomy, W{C;p) can accordingly be written as a sum of the Wilson 
line operators defined for these irreducible components. Consequently, for fixed knot C, E{C) can 
be understood as a linear function on the representation ring of the gauge group. Given a link L 
with m components, the expectation value E{L) in M^(S'^) can be understood as a multi-linear 
function on T®" 

m 

E : ••• T'^ C . (2.19) 

Indeed, let x = Z^j ^(^) Xi be a generic element of T, the linear extension of E{C;xi) h^to T is 
defined as 

E{C;x) = Y.d[i)E{C;Xi) , (2.20) 

i 

where C is a generic knot. The case of W{L) is similar: given a link L with m components 
{Ci,--- ,Cm}, the expectation value E{L), for fixed L is a multi-linear functional on T"*^™ = 



T (E) ■ ■ ■ ^ T defined as 



E [L; , X^'\- ■ ■ , X^™)) = n E '^^ ^nr--, XjJ , (2.21) 

1=1 > 



where 

Ja 

is the colour of the ath component of L. 



X"--^' =Y.'^-^j-)^i a = l,---,m (2.22) 



2.3 Satellite relations 

Let us consider an oriented framed knot C and the set {W{C; p)} of the associated Wilson line 
operators which are defined for all the possible inequivalent irreducible representations { p } of the 
gauge group. The set { W{C] p) } is a complete set of gauge invariant observables associated with 
the knot C |31|. This means that, if 0{C) is a metric-independent gauge invariant observable of 
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the CS theory which is defined in terms of the vector fields ^^(x) and 0{C) is associated with the 
knot C, then 0{C) can always be written as 

0{C) = Y,^iP)W{C;p) = Y,^iP)W{C;x[p]) , (2-23) 
p p 

where { ^(p) } are numerical (complex) coefhcients. With a given choice of the framing of C, the 
coefficients {C{p) } are fixed and characterize the observable 0{C). Any function, which is defined 
on the equivalence classes of conjugate elements of a compact and simple group, admits a linear 
decomposition in terms of the characters of the group, of course [^2|. Eq.( 2.23| ) is the analogue of 



this decomposition for the gauge invariant observables which are associated with the knot C. 

Eq.( 2.23| ) can be used to derive the generalized satellite relations which |31] are satisfied by 



E{L). Let V he a solid torus standardly embedded in S^; the oriented core of V will be denoted 
by K and its preferred framing by Kj. Consider now the oriented and framed component C of a 
link L in 5''^; let C/ be the framing of C. A tubular neighborhood of C is a solid torus embedded 
in whose core is C. The two solid tori V and A^ are homeomorphic; we shall denote by /i* the 
homeomorphism h''' : V ^ N which has the properties 

h^K) = C , and h^'iKf) = Cf . (2.24) 

Up to an ambient isotopy, the homeomorphism /i* is unique and is determined by the orientation 
and by the framing of the link component C. 

One can imagine that the framed component C of L is the image h^{K) of the framed knot 
K <ZV under the homeomorphism /i*. Starting from the link L, we shall now construct a new link 
L'] L' is obtained by replacing the component C of L by the image hf^iP) of a given (oriented and 
framed) link P in V. The link L' is called a generalized satellite of L; the link L is a companion of 
L' and P C ^ is called the pattern link. 

Suppose now that L' is a generalized satellite of L defined in terms of a given pattern link 
P. Furthermore, suppose that an irreducible representation of the gauge group has been assigned 
to each component of P. We would like to know how the expectation value E{L') is connected 
with E{L)] the precise relation between E{L') and E{L) is called a generalized satellite relation. 
Remember that L' has been obtained from L by replacing the framed component C with the image 
h^(P) of the pattern link P. By definition, P belongs to the solid torus V and W{P), which denotes 
the product of the Wilson line operators associated with P, represents a gauge invariant observable 
defined in V. Since the CS model is a topological field theory, the thickness of V is totally irrelevant. 
In the limit in which this thickness goes to zero, the solid torus V degenerates to a simple circle: 
the core K of V. Thus, W{P) can be understood as a gauge invariant observable associated with 
the knot K. Consequently, W{P) admits an expansion of the type shown in eq.( |2.23| ) 

WiP) = ^e(p)VF(K;xM) . (2.25) 



The complex coefficients { ^(p) }, appearing in eq.( |2.25 ), depend on the pattern link P and on the 



representations assigned to its components. The composite Wilson line operators { W^(A', ) } 
are defined for the framed knot K (which has preferred framing). Let us introduce the element X: 



X 



' (2-26) 



of the tensor algebra T. Then, eq.( p.25| ) can simply be written as 

W{P) = W{K; x) ■ (2.27) 
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At this stage, from the defining conditions (4.8) of h^, it fohows immediately |19| that 



E{L') = E{L; with the component C of L associated with x ) • (2.28) 

This equation is a consequence of two basic symmetry properties of the CS theory. Firstly, gauge 
invariance implies that the non-Abelian "electric" flux associated with a meridinal disc of a solid 
torus must be conserved. Secondly, general covariance implies that this flux can always be imagined 
to be concentrated on a single knot which coincides with the core of the solid torus. 

The satellite relation ( p. 28 ) represents one of the main properties of the expectation values 



{E{L)}. The ^-coefficients, appearing in eq.( p.25[ ), can be determined by using several different 
methods; some of them have been presented in Ref. [3,4]. 

Let us consider a particular example of satellite relation which will be used frequently in the 
following sections. We shall consider a particular pattern link B in the solid torus V. Since the 
complement of a tubular neighborhood M of the circle U in is a solid torus standardly embedded 
m we can take y = — M, where M is the interior of M. Consequently, we shall represent B 
in the complement of U in S^. The pattern link B, in which we are interested, is the two component 
framed and oriented link shown in Fig. 2.1; each component of B has preferred framing. 




Figure 2.1 



Let pi and p2 be the irreducible representations which are assigned to the two components Ci 
and C2 of B; we shall derive the explicit form the coefficient appearing in the decomposition 



decomposition ( |2.25| ). By definition Ci e C2 have preferred framing i.e. 

xiCuCif) = x{C2,C2f) = xiCuC2) = . (2.29) 
In the limit in which the "distance" between Ci and C2 goes to zero, because of (1^, the knot 



C2 cannot be distinguished from the framing Cif of Ci. Thus in this limit we can replace the two 
Wilson lines W{Ci, pi) and W{C2, P2) with a single Wilson line W{K, p'), with is a knot ambient 
isotopic to Ci (see figure 2.2). 

In particular one can identify K with the core of the solid torus V in which the pattern link B 
is contained. In order to determine p' G T, we note that the representation of G associated with 
W{K) is contained in pi® p2- Indeed 

tr{pi) tr{p2) = tr{pi0p2) . (2.30) 
In conclusion the element p' has to be identified with x[pi]x[P2]5 thus one gets 

WiB;x[pi],x[p2]) = WiK;x[pi]x[p2]) 

= Y^^P^'P^'P ^i^-^xlp]) . (2.31) 
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Pi P2 Pi P2 

Figure 2.2 



where K is the framed core of V which has preferred framing and is oriented as the components of 
B, see Fig. 2. 3. In eq.( |2.31| ) one can easily recognize the structure constants of T. 




Thus, for the satehites constructed with the pattern hnk B, eq.( |2.28| ) takes the form 

E{L') = Eih^{B),C',...;x[pi],x[p2],x[p],-) 
= E{C,C',...;x[pi]x[p2],x[p],.:) 

= Y.F,,,,,,,E{C,C',...;x[p],x[p],.:) . (2.32) 



2.4 Calculation rules 

Topological field theories are rigid in the sense that, due to the presence of a large symmetry, the 
expectation values of the observables are strongly constrained. These constraints can be put in the 
form of consistency relations that the observables must satisfy. In the case of Chern-Simons theory, 
the consistency relations are stringent enough to determine uniquely the values of the observables. 
In other words, Chern-Simons theory is exactly solvable. In this section we shall give a few rules 



[19, 31] that will permit us to solve the theory. 

(1) Projection decomposition 

As we shown in appendix B, link diagrams can be understood as closures of braids. 

Let us consider the configuration corresponding to two parallel strings associated with the irre- 
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Figure 2.4 
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Figure 2.5 



ducible representation pi and /92 of G satisfying 

Pi®P2 = J^p(t) . (2.33) 

t 

Tlie projection decomposition rule involves a local modification of the link diagram obtained by 
introducing a set of orthogonal projectors as shown in Fig. 2. 4. By means of the projection decompo- 
sition rule, the various irreducible representations entering ( p. 331 ) are single out. The orthogonality 
property of the projectors is expressed by the relation shown in Fig. 2. 5. 

(2) Crossing 

The Chern-Simons field theory can be quantized by using the canonical formalism rather than 
then the covariant BRS method. Although the method of canonical quantization is not viable in 
the calculation of expectation values of observables, it can be profitably used in the study of Chern- 
Simons monodromies. The configuration space is sliced in space-like surfaces, in any slice the 
equal-time canonical commutation relations are imposed. 

The state \1', corresponding to a configuration with two strings piercing the surface t = 
and associated with the irreducible representations pi, /32, is interpreted as the introduction in the 
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Figure 2.6 
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Figure 2.7 
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vacuum state of two static sources with quantum numbers pi and p2. The problem of how the state 
^ changes when the sources are exchanged can be analyzed by using the canonical quantization in 
the Schroedinger representation for the field. If the new state after the exchange is denoted by ^' , 
one obtains 



(2.34) 



for notation simplicity all indices have been suppressed. The matrix M that encodes the braiding 
properties of Chern-Simons theory is given by [29| 



M = n 



12 > 



(Pl) (P2) 



where is the permutation operator of the two sources and 

— „-i2'K/k 



(2.35) 



(2.36) 



is the so-called deformation parameter. Eq.( 2.35 ), togheter with the projection decomposition rule 
and the identity 



1 



-[Q(/>i®/>2) - Qipi) - Qip2)] i«>i 



(2.37) 
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lead to the crossing rule shown in Fig. 2. 6 and in Fig. 2. 7. 

(3) Twisting 

This rule refers to the behavior of a braid under a Markov move of type 2 (see App.B) and is 
summarized in Fig. 2. 8 




7+Q(p) 



-Q{p) 



Figure 2.8 



The value q^^'^P^ of the twist variable a{p) fits the perturbative analysis given in [^]. In addition, 
it can be shown |31| that is the only value with the right classical limit (a — > 1 when k — > oo) and 
compatible with the satellite relations and with expression ( 2.35| ) for the braid matrix. 

(4) Projection compatibility 
This rule expressed by Fig. 2. 9 sets the natural compatibility between the satellite relation ( p.32| ) 
and the projectors introduced by rule 1. Note that when rules 1 and 2 are used in a link diagram 
its character is altered due to the presence of projectors. Relations between link diagrams in which 
projectors are present cannot be used directly to obtain relations involving expectation values of 
observables. The point is that projectors must be eliminated in favor of some suitable combination 
of strings. Rule (4) plays a key to eliminate projectors from a link diagram. 

(5) Factorization 

If the link L C M^(S'^) is the distant (disjoint) union of the links Li and L2, we shall write 
L = Li U L2; general covariance implies that 



E( Li U Lo 



E{Li)E{L2 



(2.38) 



Let us consider an example. The Hopf link shown in Fig. 1.1 can be obtained form the closure of the 
braid shown in Fig.2.10. In oder to compute the expectation value of a Wilson line W{Ci^ Ci; pi, P2) 
associated with the Hopf link (by using the crossing rule) one can replace the over-crossing configu- 
rations in the braid of Fig.2.10 by means of projectors. After that, the orthogonality property (see 
Fig. 2. 5) can be used to eliminate one of two projectors. As final step, the projection compatibility 
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Figure 2.9 




Figure 2.10 



is used in order to obtain a standard link diagram. The result is 

H[pu p2] = q-^^^f'^ + ^^f^^^ ^ q"^^"'^ Eoipt] • (2.39) 

Thus, by using the calculation rules the expectation values of the observables corresponding to the 
Hopf link can be expressed in terms of the observables associated with the unknot, i.e. a knot 
ambient isotopic to the standard circle in M^. 

2.5 Connected sum 

Let us consider the connected sum of links. Suppose that Li and L2 are two disjoint links in and 
that the oriented components C £ Li and C G L2 arc associated with the irreducible representation 
p of the gauge group. Starting from the distant union LiU L2, one can construct a new link which 
is called the connected sum of Li and L2. Inside some fixed three-ball in S^, the two components C 
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and C are cut and glued together as shown in Figure 2.4. The resulting new link is the connected 
sum Li^L2[p] of Li and L2 which has been obtained by acting on two link components with colour 
given by the irreducible representation p . 



I \ I \ I \ I \ 




\ I \ I \ I \ I 

P 



Figure 2.11 



The expectation values for the connected sums of links satisfy the relation [ p!9| ] 

E{L,#LM) = ^^^ , (2.40) 

where Eq[p\ is the expectation value of the Wilson line operator associated with the unknot (circle) 
in 5^ with preferred framing and with colour given by the irreducible representation p of G. 
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Chapter 3 

SU(2) and SU(3) Examples 



3.1 SU(2) 

For future convenience, in this section we shah collect the values of the unknot and of the Hopf link 
when the gauge group is G = SU{2). Detailed proofs of can be found in |19, ^ ]. 

Any irreducible and finite dimensional representation of SU{2) can be parametrized by a single 
label J with 2 J G N. The value of the quadratic Casimir operator Q{J) in the representation J is 

Q{J) = J{J + 1) , (3.1) 

the dimension D(J) of the irreducible representation J is 

D{J) = 2J + 1 . (3.2) 

The value of the unknot i?o[<^] in the representation J is |U 



Finally, the expectation value of the Hopf link with colours x[Ji] ^-iid x[<^2] is given by [|l9| 

(2Ji+l){2J2 + l)/2 _ -(2Ji+l)(2J2 + l)/2 

^[^1,^2] = . (3.4) 

sm [TT/k) 

3.2 SU(3) 

The satellite relation ( |2.32D will play a crucial role in our construction. In fact, we will use sys- 
tematically the pattern link B, shown in Fig. 2.1, to construct satellites. We shall define a recursive 
procedure in order to replace each link component, which is associated with a higher dimensional 
representations of SU{3), with a suitable cabled component. In order to introduce the cabling 
procedure, however, we need to discuss some basic properties of the representation ring of SU{3). 

We shall use Dynkin labels to denote the irreducible representations of SU (3) . For each couple 
of non- negative integers (m, n), the associated irreducible representation corresponds to the highest 
weight fj, given by 

H = m /i(^) + n ^(2) ^ (3.5) 

where fi^^^ and //^^^ are the fundamental weights of SU{3). Thus, (0,0) is the trivial representa- 
tion, (1,0) denotes the fundamental representation 3 and (0,1) its complex conjugate 3*. The 
representation (m, n) has dimension 

N {m + l){n + l){m + n + 2) 
JJ[m,n) = , (3-D) 
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and the value Q{m,n) of the corresponding quadratic Casimir operator is given by 

Q(m,n) = ^' + n' + mn + 3{m + n) ^^^^^ 

Given two representations {m,n) and (a, 6), the decomposition of the tensor product (m,n) Cg) 
(a, b) into a sum of irreducible components can be obtained, for instance, by means of the standard 
Young tableaux method. The following relations will be useful for our discussion. 
For m > 1 and n > 1, one has 

(m,n) (g) (1,0) = (m + l,n) © (m - l,n + 1) e (m,n - 1) , (3.8) 

(m,n) (g) (0, 1) = (m,n + 1) © (m + l,n - 1) © (m - l,n) . (3.9) 
For m > 1, one obtains 

(m,0) © (1,0) = (m + 1,0) © (m- 1,1) , (3.10) 



(m,0)©(0,l) = (m,l)©(m-l,0) . (3.11) 



Finally, for n > 1, one gets 



(0,n)©(l,0) = (l,n)©(0,n-l) , (3.12) 

(0,n)©(0,l) = (0,n + l)©(l,n-l) . (3.13) 

Unlike the case of the group SU{2), an explicit formula which gives the decomposition of the 
tensor product (m, n) © (a, 6), for arbitrary representations (m, n) and (a, b) of SU{3), is not known. 
Thus, for SU{3) one has to analyze, in general, each single tensor product separately. Even if the 
structure of the SU{3) tensor algebra T cannot be displayed in compact form, we will show how to 
derive the relevant properties of T and of its associated reduced tensor algebra Ti^k)- fact, in order 
to study the properties of the tensor algebra, we only need to consider the relations (3.8)- (|3.13|) . 



Let us denote by R the representation ring of SU{3) and by V{y,y) the ring of (finite) polyno- 
mials in the two variables y and y with integer coefficients. We shall now show that R admits a 
faithful representation in 'P{y,y). This is a standard result of the theory of simple Lie algebras and 
its validity is based on the fact that the Lie algebra associated with SU{3) has rank two, of course. 
Here, we shall just recall the main arguments of the proof in order to illustrate how the recursive 
use of eqs. (|3.8D -( |3.13|) determines the structure of R and, therefore, the structure of T [33]. 



Each irreducible representation of SU{3) is associated with an element of R; the set of the 
elements which correspond to all the inequivalent irreducible representations of SU (3) is called the 
standard basis of T. i? is a commutative ring with identity; consequently, for each element (m, n) 
of the standard basis, we only need to give the corresponding representative [m, n] in V{y,y). On 
the one hand, the ring R is generated by the two elements associated with the fundamental weights 
of SU{3) plus the identity. On the other hand, 'P{y,y) is generated by the two elements y and y 
plus the identity. Thus, the starting point is the obvious correspondence 

(0,0) ^ [0,0] = 1 , (3.14) 
(1,0) ^ [1,0] = y , (3.15) 
(0, 1) ^ [0, 1] = y . (3.16) 



3.2 SU(3) 



31 



Now, we need to find the representative [m,n] £ Viy^y) of a generic representation {m,n). Let us 
consider firstly the set of representations of the type (m,0) with m > 1. From eq.|3.10|), one finds 



[2,0] = [1,0] -[1,0] -[0,1] 



Therefore, 



[2,0] 



- y 



In general, eqs.(3.10) and ( |3.11 ) imply that 

[m + 2, 0] = [m- 1, 0] + [m + 1, 0] • [1, 0] - [m, 0] • [0, 1] 



(5.13) 
(5.14) 

(3.17) 



Equation ( 3.17 ) must hold for any m > 1 and gives a recursive relation for the elements { [m, 0] }. 
Since we already know [2,0], [1,0], [0,1] and [0,0], this recursive relation determines [m,0], for 
arbitrary m, uniquely. For example, one finds 



[3,0] 



2yy+l 



(3.18) 



[4,0] 



/-3y2y + y2 + 2y 



(3.19) 



The same argument, based on eqs.( t3.12 ) and (|3.13| ), can be used to find the polynomials { [0, n] } 
associated with the representations {(0, n)}, of course. Equivalently, since (0, m) is the complex 
conjugate of (m,0), the polynomial [0,m] can be obtained from [m,0] simply by exchanging y with 
y and vice versa. Therefore, at this stage, all the polynomials of the type { [m, 0] } and { [0, n] } are 
uniquely determined for arbitrary m and n. 



From eq.(3.11), one obtains 



[m, 1] = [m,0] • [0,1] - [m- 1,0] 



(3.20) 



This equation, which holds for any m > 1, permits us to find all the polynomials of the type 
{ [m, 1] }. Similarly, eq.( ^.12 ) defines the recursive relation 



[l,n] = [0,n]-[l,0]-[0,n-l] 



(3.21) 



which uniquely fixes the polynomials {[l,n]} for arbitrary n. Finally, let us consider a generic 
representation (m,n); the associated polynomial [m, n] E 'P{y,y) can be determined, for instance, 
by using a recursive procedure in the values of the index n. Indeed, eq.( |3.8| ) gives 

[m,n + l] = [m,n] • [0,1] - [m + l,n- 1] - [m- l,n] . (3.22) 

Assume, by induction, that the polynomials {[m,n] } are known for arbitrary m and for n < uq. 
Then, eq.(|]2|) can be used to find [m,no + 1]. On the other hand, [m, 0] and [m, 1] are known; 
therefore, eq.( p.22D permits us to find [m, n] for generic values of m and n. 

To sum up, the representation ring R of SU{3) can conveniently be described by V{y,y); we 
have also proved that the polynomial [rra, n], which is associated with the generic representation 
{m,n), is uniquely determined by the relations ( |3.8D -( ^T3 ) |33]. A few examples of representative 
polynomials are in order: 



[0,2] 



[1,1] 



yy 



(3.23) 



[2,1] = y^y-f-y 



(3.24) 



[3,1] = y^y-2yy^-y^ + 2y 



(3.25) 
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[2,2] = y^y^-y^-yf . (3.26) 

In general, one finds 

[ni,n] = V ayy'f , (3.27) 



E 

i+j<m+n 



where { aij } are integer numbers and Omn = 1- The given representation of R in V{y,y) is partic- 
ularly convenient for our purposes. Indeed, each polynomial ( p.27D provides the explicit connection 
between the elements of the standard basis of T and the elements of the new basis defined in terms 
of the powers of (1,0) and (0,1), which correspond to the monomials {y^y-^}- To be more pre- 
cise, let us denote by x['>^i ''t] the element of the standard basis of T which is associated with the 



representation {m,n) of SU{3). Eq.(p.27|) implies that 



X[m,n] = Yl ai, {x[l,0]y {X[0,l]y , (3.28) 

i+j<m+n 



where the coefficients {flij} appearing in eq.( 3.28| ) coincide with the coefficients {a-ij} entering 
eq-(p7D. 



3.2.1 Computing the link polynomials 

The quantum CS field theory is exactly solvable because, with a finite number of operations, on can 
find the exact expression of E{L) for a generic link L. As we have already mentioned, E{L) can 
easily be computed by using the rules introduced in [19, ^] and are in agreement with the results 
obtained in perturbation theory, of course. 

In order to compute E{L), one can use standard cabling; this method consists of two steps. 
Firstly, we shall give the rules for the computation of a generic link when each link component 
has colour specified by the fundamental representation of SU{3). Secondly, we shall introduce a 



recursive procedure, which is based on the use of the satellite relation ( 2.32 ), to compute the link 
invariants when the colours of the link components are arbitrary [B3]. 



Theorem 3.1 I Let L be a link diagram with components { Ci, C2, C„ } in which each 



component is oriented and has a colour given by the fundamental representation 3 of SU{3). The 
associated expectation value, 

E{L) = E{Ci,C2,...,Cn;3,3,...,3) , (3.29) 

is uniquely determined by 

1. regular isotopy invariance; 

2. covariance under an elementary modification of the writhe; 

3. skein relation; 

4. value of the unknot with zero writhe. 



This theorem has been proved in [|31[. Given link diagram L; let us modify the writhe w{C) of a 
single component C according to w{C) — > w'{C) = w{C) it 1. Let us denote by L^^^ the new link 
diagram which has been obtained from L according to the above procedure. Then, point (2) means 
that ig 

^(lW) = q^^/^E{L) . (3.30) 
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The skein relation mentioned in point (3) is given by |19] 



-1/6 



E{L-) 



gV2 _ 



(3.31) 



where the configurations L-j. and Lq are shown in Fig. 3.1. 





L 







Figure 3.1 



Finally, the normalization of E{L) is fixed by the value E{Uq] 3) of the unknot Uq with writhe equal 
to zero. This value cannot be chosen arbitrarily but is uniquely fixed [2] by the field theory. For 
the gauge group 5C/(3), the value of the unknot is [^] 

S([/o;3) = ^o[3] = q+l + q-^ ; (3.32) 

the general expression for the unknot will be derived in the next section section 
One of the consequences of Theorem 3.1 is the following: 



^^^ropert^^^^J For any framed, oriented and coloured link L with colours given by the 

fundamental representation 3 of SU{3), the associated expectation value E{L) is a finite Laurent 
polynomial in the variable x given by 

X = g^/^ . (3.33) 



Proof The value ( |3.32 ) of the unknot with zero writhe is a finite Laurent polynomial in x and, 
because of eq.(6.3), the value of the unknot with arbitrary writhe also belongs to By means 

of the skein relation ( ^.31 ) and of eqs.( |3.3(i| ) and ( ^.32 ), one obtains that, for the distant union of an 
arbitrary number of unknots, the associated invariant belongs to Z[x^^]. This result is in perfect 
agreement with property ( 2.38| ), of course. Now, by using the skein relation recursively, E(L) can 
be written as a finite linear combination of the invariants associated with the the distant union of 
unknots in which each unknot may have a nontrivial writhe. Thus, we only need to prove that 
the coefficients, entering this linear combination, belong to Z[x^^]. Let us consider the standard 
ascending method p3] to construct E{L). This recursive method is based on the observation that 
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any given link diagram can be transformed into a distant union of unknots provided some over- 
crossings are exchanged for under-crossings or vice versa. At each step of this recursive procedure, 
the skein relation (6.4) can be written in the form 



or 



E{L-) 



-1/3 



E{L_) + 



vV3 



E{L+) 



,1/3 



2/3 



-2/3 



,-1/3 



E{Lo) 



E{Lo) 



(3.34) 



(3.35) 



Since all the coefficients appearing in eqs.( p.34 ) and ( |3.35| ) belong to Z[x^^], the inductive ascending 
procedure permits us to express E{L) as a linear combination of the values of the unknots in which 
all the coefficients entering this linear combination belong to Z[x^^]. Therefore, Property 3. 1 is 
proved. □ 



At this stage, we are able to compute E{L) when the link components have colours which are 
given by the trivial representation, or the fundamental representation 3 or its complex conjugate 3*. 
Indeed, each component associated with the trivial representation can be eliminated and each ori- 
ented component, associated with 3*, is equivalent to the same component with opposite orientation 
associated with 3. Consequently, by means of Theorem 3.1, we can easily compute E{L). 

Let us now consider the case in which the colours of the link components correspond to generic 
representations { (m, n)} of SU{3). In order to compute the expectation value of the associated 
Wilson line operator, one can use standard cabling. This method is based on the satellite rela- 
tions and on eq.( |3.28| ). Suppose that a given link component is characterized by an irreducible 
representation {m,n) of SU{3) which is is different from (0,0), (1,0) and (0,1). In this case, this 
component will be replaced by the image under /i^ of an appropriate linear combination of pattern 
links. We conclude this section by recalling that several properties of the link polynomials defined 
by Theorems 3.1 and 3.2 have been discussed in Ref.[4]. In particular, the computation of E{L) 
can be simplified by means of the rules introduced in [2]; for example, instead of using standard 
cabling, H[pi ; p2 ] can be determined by means of eq.(8.13). It should be noted that the covariance 
property of E{L) under an elementary modification of the writhe can be expressed in the following 
general form. Let L be an oriented link diagram in which the component C has writhe w{C) and 
colour xb^j "it]- Consider now the new link diagram L^^^ which has been obtained from L by means 
of an elementary modification of the writhe of C: 

w{C) -^w'{C) = w{C)±l . (3.36) 

By using the twisting calculation rule of Chapter 2, one has 

£;(lW) = ^(L) , (3.37) 

where Q{m, n) is the value of the quadratic Casimir operator in the irreducible representation (m, n) 
of SU{3). 

Pattern links are chosen to have all their components associated with (1,0), or (0,1), or (0,0). 
Such pattern links always exist and are determined precisely by eq. (|3.2g| ). When all the link compo- 
nents which are associated with higher dimensional representations of SU{3) have been substituted, 
one gets a linear combination of satellites in which all the link components have colours (1,0), or 
(0, 1) or (0,0) and, by means of Theorem 3.1, one can finally compute the expectation value of the 
observable. We shall now give the details of this construction. 

Let us denote by B{ij) the pattern link shown in Fig. 3. 2; B[ij) is defined in the solid torus which 
coincides with the complement of the circle U in . The link B{ij) has i+ j oriented components 
and each component has preferred framing. The satellite of a knot constructed with the pattern 
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link B[ij) is called a cabled knot. Let us assume that i components of B[ij) have colour x[liO] 
and j components have colour x[0, 1]; we shall denote by W{B{ij)) the product of the associated 



Wilson line operators. According to eq.( |2.25| ), W{B{ij)) admits an expansion of the type 

W{B{ij)) = Y,i{p)W{K-x[p\) , (3.38) 
p 

where K is the core of the solid torus (with preferred framing), shown in Fig. 2. 3. The coefficients 
{^(p)} entering eq.( |3.38| ) can be determined by using eg. ( p. 311 ) recursively. So, these coefficients 
are uniquely determined by the structure constants of the tensor algebra T. Consequently, if the 
element x["T'i''^] admits the presentation shown in eq.( 3.2^ ), one obtains 



W{K;x[m,n]) = ^ aij W{B{ijy, x[l,0], -.xiOA], ■■■) ■ (3-39) 

i+j<m+n 



u 




B(ij) 



1 + J 



Figure 3.2 



Now, let C be a generic component of a link with colour x["i-5^]- As we have already mentioned, 
the oriented and framed component C can be understood to be the image h^(K) of the oriented 
and framed knot K (with colour x[m,n]) under the homeomorphism /i* defined in section 2.3. 
Consequently, eq. ( [3.391) implies that C can be replaced by a linear combination of cabled components 
according to 



C with colour \m, n] 



i+j<m+n 



h%B{tj) 



(3.40) 



Equation (3.40) gives the desired relation which is satisfied by the CS expectation values of the 
observables; each link component, which is associated with a higher dimensional representation of 
SU{3), is equivalent to a certain linear combination of cabled components which have colours given 
by the fundamental representation 3 or 3*. The coefficients { } entering this linear combination 
are determined by the structure constants of the tensor algebra of the gauge group and are integer 
numbers. 



Theorem 3.2 I Let L be an oriented link diagram in which an irreducible representation 



of SU{3) is attached to each component. The associated expectation value E{L) can be computed 
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by means of standard cabling. E(L) represents a regular isotopy invariant of oriented coloured link 
diagrams; moreover, E{L) G Z[x^"'^]. 

Proof According to the standard cabling procedure, each link component which is associated with 
a higher dimensional representation of SU{3) can be replaced by the combination of cabled compo- 
nents shown in eq. ( pop . Consequently, E{L) can be written as a sum of satellites in which all the 
components have colours given by the trivial representation, or the representation 3 or its complex 
conjugate 3*. Theorem 3.1 then implies that E{L) is a regular isotopy invariant of oriented and 
coloured link diagrams. Finally, since the coefficients {aij } entering eq.(6.11) are integer numbers, 
E{L) is a linear combination with integer coefficients of the invariants defined in Theorem 3.1. 
Therefore, according to Property 3.1, E{L) belongs to Z\x^^\. □ 

Theorems 3.1 and 3.2 are the reconstruction theorems which determine the expectation values 
of the observables of the non-Abelian 5^7(3) CS theory in M^. Let us consider a few examples of 
link polynomials. We shall denote by EQ\m^n\ the value of the unknot with preferred framing and 
with colour ^["T',?^]- One has 

i?o[2,0] = i?o[0,2] = (l + g-2)^^ , (3.41) 
Eo[l,l] = (l + g)2(l + g-2) , (3.42) 

ii;o[4,l] = EM = ^ (-^ ^ ■ (3.43) 

For the right-handed trefoil 3i (with vertical framing convention), shown in Fig. 3. 3, one finds 

i?(3i;x[l,0]) = (<7 + l + r')(g' + l-g~') , (3.44) 

mv,x\m) =^^^^^^^^^\<t-ri^e-q-cf^-q-'' + q-''\ . (3.45) 




Figure 3.3 

The figure-eight knot 4i is shown in Fig. 3. 4; one gets 

i?(4i;x[l,0]) = + (73 -1 + ^-3^^-4 ^ (3_4g) 
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-Q-'{l + Q'')^-^r^+Q-'il + Q')il + Qf ■ (3.47) 




Figure 3.4 



For the knot 5i, shown in Fig. 3. 5, one obtains 

^(5i,x[l,0]) 



+ -1/3 



(3.48) 



(l-g3)(l + g^) 31/3 



+ 



(l_g3)(i_^5) 



(l-g)2 [(l+g) 



,8/3 



(3.49) 




Figure 3.5 

Finally, for the Whitehead link Sg, shown in Fig.3.6, one finds 
E(5?;x[2,0],x[l,0]) = (l±01p!) ,-1/3 

+ [ 1 - + - ] (1 + ,2) . (3.50) 
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Figure 3.6 



3.2.2 Values of the unknot 

In this section we shall compute EQlmju], which is the CS expectation value of the Wilson line 
operator associated with the unknot in (with preferred framing) with colour xi^,''^] Our 
purpose is to produce the expression of -Eo[m, n] for arbitrary m and n . In studying the properties 
of the link polynomials, the values of the unknot play an important role. Indeed, in section 2.3 
we have seen that, because of general covariance, any coloured link contained inside a solid torus 
determines a certain colour state associated with the core of the solid torus. Since the unknot is 
the companion of any link, the values of the unknot represent the basic building blocks of the link 
polynomials. In order to determine the structure of the reduced tensor algebra '^(fc), we shall use 
the results of this section. 

In section 2.3 we have given the rules for the computation of a generic coloured link. Thus, for 
fixed values of m and n, the computation of EqIui, n] is straightforward. The only nontrivial task is 
to find the general dependence of EqItti, n] on the integers m and n. In order to solve this problem, 
we shall use the symmetry properties of the CS theory and the recursive relations (|3.8|)-( 33^ ). 



Let us denote by C the oriented unknot in R with preferred framing and colour xb^^ '^l- Clearly, 
the orientation of C can be modified by means of an ambient isotopy transformation. Since a 
modification of the orientation of C is equivalent to replace xIj^jJ^] with xfj^, "i], one has 

EQ[m,n] = EQ[n,m] . (3.51) 

Let us now consider the distant union of two oriented unknots Ci and C2 (both with preferred 
framing) in M'^. Suppose that Ci has colour x[Pi] and C2 has colour x[P2\- Eq. (|2.38|) and the 
satellite relation ( p. 32 ) imply that 



Eo[p,]Eo[p2] = Yl ^Pi,P2,P Eo[p] , (3.52) 



p 



where { F^^ ,p2,p} structure constants of the tensor algebra T : 

X[pi]x[p2] = ^pi,P2,P X[p] ■ (3.53) 



Eq.( 3.52| ) shows that the set { -Eo[m, n] } of the possible values of the unknot gives a representation 



in Z[x^^] of the representation ring of the group. Consequently, one can use the relations (|3 



( |3.13| ) to find the values of the unknot. In fact, the recursive argument that we presented in section 
3.2.1 determines the value of EqItti, n] uniquely. The result is summarized by the following theorem 
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Theorem 3.3 I The expectation value £'o[m,n] of the unknot in M.^ with preferred framing 



and colour x[m, n] is given by 



Eo[m,n] = q 



-{m+n) 



)(1 



-,m+n+2\ 



[l + q){l-qf 



(3.54) 



Proof Clearly, eq.( |3.54| ) gives the correct value of the unknot for the representations (0,0), (1,0) 



and (0, 1). Moreover, one can easily verify that expression (3.54) satisfies the recursive relations 
(|3.8|)-( |3rT^ ). Consequently, eq.(3.54) represents the unique solution of the recursive relations with 
the correct initial data. Therefore, eq. (|3.54| ) gives the values of the unknot in the CS theory. □ 



In agreement with eg. ( 3. 51 ), the value of EQ[m,n\ shown in equation ( |3.54| ) is symmetric in the 
indices m and n. Since the deformation parameter q is given by g = exp(— i27r//c), the expression 
( 3.54| ) admits a Taylor expansion in powers of A = (27r/A;) around A = 0. Each term of this 
expansion represents the value of the corresponding Feynman diagrams found in perturbation theory. 
Let us now verify that the expression (3^) is really in agreement with the perturbative result ( 1.46| ). 
From eq.(3.54) one gets 



+0(A3) . 



(m + l)(n + l)(m + n + 2) 



12 



[m'^ + + mn + 3m + 3n) 



(3.55) 



By taking into account eqs. (|3.6| ) and ( |3.7D , one finds that this expression coincides precisely with 
the perturbative result ( |1.46| ). □ 
Equation ( 3.54| ) shows that EQ[m,n] is actually a finite Laurent polynomial in the deformation 
parameter q. Indeed, the factor (1 + q){l — q)^ in the denominator of the expression ( |3.54| ) cancels 
out the roots of the numerator at q = —1 and q = 1 . The dependence of Eo[m,n] on the CS 
coupling constant k can be explicitly displayed by writing the expression ( 3.54| ) is the equivalent 
form 



Eo[m,n] 



1 sin[7r(m + 1)/A;] sin[7r(n + 1)/A:] sin[7r(m 
2 



n 



2)/k] 



cos[7r/A;] sin [vr//;;] 



(3.56) 



3.2.3 Values of the Hopf link 

As we have already mentioned, we shall use Dehn's surgery on S"^ to solve the quantum CS theory 
in a generic three-manifold M. To be more precise, we shall use the operator surgery method (see 
Chap. 5-6) to compute the expectation values of the observables in M by means of the observables 
in S^. One of the basic ingredients in the construction of the surgery operators is the so-called Hopf 
matrix. Let us now recall why the expectation value of the Hopf link plays a crucial role in solving 
the topological field theory. 

Dehn's surgery method essentially consists |23| of removing and sewing solid tori in S^; thus, 
we need to consider the properties of the CS expectation values which are related to the different 
embeddings of solid tori in S^. Actually, because of the so-called Fundamental Theorem |^3|, we 
really need to consider solid tori standardly embedded in S^. Let us consider a solid torus N 
standardly embedded in S^; clearly, its boundary dN G S*^ is a two-dimensional torus. Now, the 
crucial point to be noted is that dN is actually the boundary of two solid tori which are both 
standardly embedded in S^. The first solid torus is A^, of course; the second solid torus is S''^ — A , 
where A^ is the interior of A^. 
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In conclusion, a solid torus N standardly embedded in really defines two solid tori: N itself 
and its complement in S^. Suppose now that a certain coloured link Li is present in N and another 
coloured link L2 is contained in — N; we would like to study the properties of the associated 
expectation value {W{Li)W{L2)). The symmetry properties of the CS expectation values, that 
we have introduced in chapter 2 are valid also in the three-sphere S^. In particular, the generalized 
satellite relations permit us to find, for each link contained inside a solid torus, the corresponding 
colour state associated with the core of the solid torus. Consequently, {W{Li)W{L2)) can be 
expressed in terms of the values of the Hopf link whose two oriented components represent the cores 
of the two solid tori N and - N. 

To sum up, the values of the Hopf link give us the pairing between the colour states which 
are associated with two complementary solid tori standardly embedded in S^. For this reason, the 
values of the Hopf link are the fundamental ingredients in the construction of the surgery operators 
and, together with the satellite relations, characterize the topological properties of the quantum CS 
field theory completely. Thus, our strategy is to produce the values of the Hopf link in S^. Since 
the CS expectation values in S'^ coincide with the expectation values in with the constraint that 
k is an integer, we only need to determine the values of the Hopf link in M^. 

Let us consider the Hopf link in whose two oriented components { Ci , C2 }, shown in Fig.3.7, 
have preferred framings. Let Ci have colour x[m,n] and C2 have colour x[a, 6]. We are interested 
in the associated expectation value 

H[im,n);{a,b)] = {W{Ci;x[m,n])W{C2;x[a,b]))\^s . (3.57) 

By means of an ambient isotopy, the components Ci and C2 of the Hopf link of Fig.3.7 can be 
exchanged; consequently, one has 

H[{m,n); {a,b)] = H[{a,b); {m,n)] . (3.58) 

As we have mentioned in sect. 4, E{L) is invariant under a global "charge conjugation" transforma- 
tion which consists of substituting each irreducible representation p for its complex conjugate p*. 
Therefore, one finds 

H[{m,n); {a,b)] = H[{n,m); {b,a)] . (3.59) 




Figure 3.7 

For fixed values of {m,n) and (a, 6), H[{m,n); {a,b)] can easily be computed by means of the 
rules specified by the reconstruction theorems. The general dependence of H[ (m, n) ; (a, b) ] on the 
irreducible representations (m, n) and (a, 5) is summarized by the following theorem. 
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Pi 



P3 



Pi 




P3 




(a) 



(b) 



Figure 3.8 



Theorem 3.4 I The expectation value H[m,n; a,b] of the Hopf link in is given by 



H[{m,n); {a,b)] = g-[(™+")(a+^'+3)+{m+3)fe+(n+3)a]/3 
1 + ^(n+l)(a+b+2)+(m+l)(fe+l) j_ ^(m+l)(a+fe+2)+(n+l)(a+l) 
_ (m+l)(fe+l) _ (n+l)(a+l) _ Jm+n+2)(a+b+2) ' 



(3.60) 



Proof In order to prove the vaUdity of eq.( p.60 ), we shall follow the same strategy as was adopted 
in the case of the unknot. Namely, we shall use equations ( |3.8| )-( |3?T^ ) which, combined with the 
satellite relations and the formula ( 2.40| ) for the connected sums of links, permit us to find recursive 



relations for the values H[(m,n) ; (a,b)]. Then, one can verify that the expression (3.60) satisfies 
these recursive defining relations and gives the correct values of the initial data. Thus, eq.( p.60 ) 
represents the unique solution of the recursive relations which is consistent with the initial values. 
The algebraic part of the proof is more complicated than in the case of the unknot, of course. 

Let us consider the link L shown in Fig. 3. 8a. On the one hand, the link L is a satellite of the 



Hopf link; therefore, by using the satellite formula ( |2.32 ), one obtains 

E{L; x[pi], X[p2], X[p3]) = H[p2; pi(^ P3] • (3.61) 

On the other hand, L is the connected sum of the two Hopf links shown in Fig. 3. 8b. Thus, according 
to eq.( 2.40| ), one has (when p2 is irreducible) 

H[pi ; P2] H[p2 ; ps] 



H[p2; Pi<^ Ps] 



Eo[p2[ 



(3.62) 



Now, by setting pi = {m,n), p^ = (1,0) and p2 = {a,b), from eq.( p.62| ) we have 

H[{m,n);ia,b)] H[{1,0) ; {a,b)] w 1 ^ 

= H[{m+l,n); a, 6 + 

Eo[a,b\ 

+ H[{m-l,n+l); (a, b)] + H[ (m, n - 1) ; (a, &) ] . 
In the same way, if we set pi = {m — 1, n), = (0, 1) and p2 = (a, 6), we obtain 

fl[(0.1);(..6)| ^ ^[ „„ _ „, ^ „ , ^ 

Eo[a,b\ 

+ H[ (m, n - 1) ; (a, 6) ] + H[ {m - 2, n) ; (a, b) ] . 



(3.63) 



(3.64) 
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Subtracting equations ( 3.63| ) and ( |3.64| ), we arrive at the promised recursive relation 



H[im + l,n);{a,b)] = H[{m,n) ; {a,b)] H[{1,0) ; {a,b)] E^\a,b] 
-H[ {m - 1, n) ; (a, b) ] H[ (0, 1) ; (a, b) ] E^^ [a, b] + H[{m - 2, n) ; (a, b) ] 



(3.65) 



Similarly, by using eq.( p.59D , we find 



H[{m,n+1); {a,b)] = H[ (m, n) ; {a,b)] H[{0,1) ; (a, b) ] Eq^ [a, b] 
-H[ (m, n - 1) ; (a, b) ] H[ (1, 0) ; (a, b) ] E^^ [a, b] + H[ (m, n - 2) ; (a, b) ] 



(3.66) 



By using equations ( |3.65| ) and ( ^.66 ) recursively, one can determine the value of H[{m,n) ; (a, 6) ] 
for m,n > 2 in terms of the initial values 



H[{0,0) 


[a 


^)] 


H[{1,0) 


(a 


&)] 


H[{2,0) 


(a 


b)] 




(a 


b)] 


^^[(2,1) 


(a 


b)] 


H[{2,2) 


(a 


b)] 



(3.67) 

Since any link component with colour x[0;0] can be eliminated, we have 

H[{0,0); {a,b)] = Eo[a,b] . (3.68) 
The remaining values of the initial data can easily be calculated by using Theorems 3.1 and 3.2 The 



result is 1 33 1 



^[(1,0); (a, 6)] 



1+ 



(l-qni+q) 



1 + ql+b + q2+a+b 



(3.69) 



i/[(2,0); (a,6)] 



(l _(_ gl+fc _j_ g2+26 _|_ _|_ q2{2+a+b) ^3+26+0^ 



(1-9)'(1 + 'Z) 



-(2+f + f ) 



1-g 



2+a+6 



(3.70) 



H[{1,1); ia,b)] 



(1 - gi+^) (1 - (71+'^) (1 - g^+^+f*) (1 + gi+^') (1 + ^1+'^) 



(1 + 9' 



{l-qf{l + q) 



2+a+fej ^-2(l+a+6) 



(3.71) 



i7[(2,l); (a, 6)] 



g-(3+f + f ) (1 _ ql+m^ (1 _ ql+n^ (1 _ g2+a+fe^ 

{l-q)Hl+q) 



(1 + qi+b + q2+2b ^ ^l+a ^ ^^2+b+a ^ 

_|_2g3+2fe+a _|_ ^4+36+a _j_ ^3+6+2a _|_ 2g4+26+2a _|_ ^5+3b+2a _|_ 
_l_^5+26+3a _|_ ^6+36+3a'j 



(3.72) 
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^^[(2,2); {a,b)] 
(1 + q^+b + q2+2b 



-(4+3b+3a) ^-|^ 



)(1 



^6+46+2a _j_ ^4+6+3a _|_ 2^5+26+3a _|_ 2^6+36+3a _|_ 



J+4fe+3a 



^6+2fe+4a 



^7+3fe+4a _|_ ^8+46+4a _|_ 2g3+b+2a 



(3.73) 



Equations ( 3.65| ) and ( 3.66| ) together with the initial data (|3.67] ) determine the values of the Hopf 
link uniquely. Now, one can verify |3^, ^ that expression ( |3.60| ) satisfies the recursive relations 
dm) and (|]6|). Moreover, for (m,n) equal to (0,0), (1,0), (2,0), (1,1), (2,1), and (2,2), eq. (^!60|) 
reproduces the correct initial values. Consequently, eq.( |3.60D represents the values of the Hopf link 
in the CS theory. □ 



The value of the Hopf link shown in eq.( 3.60| ) satisfies the symmetry properties ( p.58 ) and ( |3.59| ). 
As usual, expression (8.4) admits a Taylor expansion in powers of A = {271 /k) around A = 0. One 
can verifies that the first three terms of this expansion agree with the perturbative result ( |1.48 ) . 
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Chapter 4 

Reduced tensor algebra 



4.1 Physically inequivalent representations 

The Wilson line operators { W{ L ) } associated with all the possible links in form a complete 
set of gauge invariant observables in the CS theory. Each link component is coloured with an 
irreducible representation of the gauge group G. The labels, which are used to distinguish the 
inequivalent irreducible representations of the gauge group, can be understood as gauge-invariant 
quantum numbers assigned to the link components. In fact, as a linear space, the tensor algebra 
T can be interpreted as a (gauge-invariant) state space. This space is infinite dimensional since 
there are an infinite number of inequivalent irreducible representations of G. When k is generic, 
different elements of the standard basis of T represent physically inequivalent (gauge-invariant) 
states associated with a knot (or a solid torus). This means that any two different elements of T 
can be distinguished by the values of the observables. 

When M = S^, we have seen in chapter 1 that gauge invariance implies that k must be a non 
vanishing integer. Since k multiplies the whole Lagrangian, a modification of the orientation of 
is equivalent to change the sign of k; consequently, we only need to consider the case in which k is 
a positive integer. For fixed integer k, two different elements of T do not necessarily correspond to 
different values of the observables. In order to determine the relevant quantum numbers associated 
with a knot when A; is a fixed integer, we shall introduce an equivalence relation between the elements 
of the tensor algebra. Two elements x x' of physically equivalent |33| if the following 

equation 



{W{G;x)W{Gi;xi) ■■■W{Cn;Xn 
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= {W{C;x')W{Ci;xi) ■■■W{Gn;Xn)) (4.1) 

holds (with fixed k) for any link L with components { C, Ci , • • • , C„ } and for arbitrary {xir " ; Xn }• 
This equivalence relation between two elements of T will be denoted by x ~ x'- Note that our def- 
inition of physical equivalence has a real physical meaning. Indeed, all the properties of any gauge 
theory are determined by the set of the gauge invariant observables exclusively. Thus if x ~ x'; 



equation (4.1) shows that there is no experiment which can distinguish x from x'- For fixed integer 
k, we shall decompose T into classes of physically equivalent elements; this classes will be denoted 
by ■0- The resulting set of these classes has an algebra structure inherited from T and is called the 
reduced tensor algebra T(^k)- 

In order to determine the reduced tensor algebra we need the following property of CS observables 



Property 4.1 mFor any framed, oriented and coloured link L, in which one link component 



46 



Reduced tensor algebra 



has colour Xj the associated expectation value E{L) takes the form 

E{L) = Eoix] HL) , (4.2) 

where J-{L) is a finite Laurent polynomial in the variable x = q~ , with s integer. 

Proof. Consider the connected sum Li^L2 in which the two links Li and L2 are copies of the 
link L; in other words, Li and L2 are separately ambient isotopic with the framed link L. Let the 
connected sum Li#L2 be obtained from Li and L2 by acting on the link component associated 
with X- Then, from eq.(2.40) it follows that 

In general, one can show E{L) G Z[x^^] [^] for any unitary group. For instance, in chapter 3, we 
have seen that when G = SU{3), x = q^/^. One can factorize the maximal power of x ^ in E{L) 
and write 

E{L) = x^^Vix) , (4.4) 

where a is a non negative integer and 'P(x) is an ordinary finite polynomial in x with integer 
coefficients. Similarly, one has 

Eoix] = x-" Vo (x) , (4.5) 
where 6 is a positive integer and Vq is a polynomial in x with integer coefficients. For instance. 



when G = SU (3) and x = xI^-j ^]) as shown in eq.( |3.54|) , one has b = 3(m + n). It should be noted 
that Vo{x) is not vanishing for x = 0. By using eqs. 

(g3) and (|]|), eq.(g]D takes the form 

EiL,#L2) = x-(--) ^MZM . (4.6) 

Vo (x) 



Since E{Li^L2) G Z[x^^], eq. (|4.6| ) implies that all the roots of the polynomial Vo{x) must also be 
roots of the product V{x)V{x). A priori, there are now two possibilities: 

1. V{x)/Vo{x) is an ordinary polynomial in x ; 

2. V{x)/T'o{x) is not a polynomial in x . 

In case (1), V can be divided by Vo and one has 

V{x) = Vo{x) G{x) , (4.7) 

where Q{x) is a polynomial in x. Consequently, from eq.( |4.4| ) one obtains 

E{L) = E^[x] x-'^+o g{x) . (4.8) 

Therefore, in case (1) one finds that eq.( [4.2D is satisfied with J-{L) = x~°'~^'^Q{x). 

In order to complete the proof, we shall now show that possibility (2) is never realized; the 
point is that possibility (2) is not consistent with the connected sum formula ( 2.4C| ). Indeed, if 
V{x)/Vo{x) is not a polynomial, then it has a pole (x — xq)"^ of a certain fixed order /?. Since 
V{x) multiplied by Vix) /Vo{x) is a polynomial, this pole must be canceled by a root of 'P(x). Let 
us now consider the link Ljv which coincides with the connected sum of copies of the link L, as 
shown in Fig.4.1. Equation ( 2.4C| ) gives 

E(L,) = EiL) [^f" . (4.9) 
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which can be written as 

E{L^) = a^-i^^-i^-m r{x) [^^y~' ■ (4.10) 

The same argument that we have used before now imphes that V{x) must ehminate the pole 
(x — xq)~^^~^^^ . Since N can be chosen to be arbitrarily large, the cancelation mechanism of the 
pole cannot take place because V(x) is a polynomial. Thus, possibility (2) is excluded and property 
4.1 is proved. □ 




For fixed integer k, one can introduce the set /(fc) of elements of T which are characterized by 
the following property; C G /(^-j if the equation 

{W{C;C)W{Ci;xi) ■■■W{C„,;Xm)) ^=0 , (4.11) 

holds for any link L in S"^ with components {C,Ci, - ■ ■ ,Cm} and for arbitrary colour states 
{ Xi) ■ ■ ■ ) Xm } C T. In other words, /(^j is the set of elements of T which are physically equivalent 
to zero. The following property is satisfied 



Property 4.2 I The set is an ideal of T 



Proof Let xi S I[k) and x £ In oder to prove property 4.2, we need to show that x' = XXi ^ I{k)- 
Let us consider a link L whose component C has colour x' and the link L' obtained from L by 
replacing C with h^{B), where B is the pattern link shown in figure 2.1. By using the satellite 



formula 2.32 one obtains 

E{L) = E{--- , h'{B),--- , X,Xi,---) . (4.12) 
Property 4.2 follows by using property 4.1 in eq.( [4.12D . Indeed 

E{L) = E{--- , h^B), X, XI, ••• ) = Eo[x]r{x) = . (4.13) 



□ 
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By definition, the elements { ^' } of the reduced tensor algebra 7^^^ are the classes of physically 
inequivalent elements; these coincide with the elements of T modulo the ideal /(^-j. In other words, 
the reduced tensor algebra T(^) can be represented by as 

r(,) = T//(fc) . (4.14) 

Thus, the problem of finding 7^^) is equivalent to the determination of /(fc). 

The reduced tensor algebra represents the minimal set of the fundamental quantum numbers 
which will be used, for fixed integer k, to colour the link components. Indeed, because of Property 
4.2, each element of /(^j is physically equivalent to the null element of 7^. 

As a linear space, 7(fc) admits a basis of physically inequivalent vectors {V'!^]! ^ £ ^ }i where 
V is contained in the set of the natural numbers. Since T^^) is an algebra, one obtains 

V'[i] = Nij^ijim] ■ (4.15) 

the numbers {Nijm} are called the structure constants of T(^k)- It is very useful to choose the 
elements in such a way that each ip[i] represents the equivalence class of an irreducible 

representation of G up to a multiplicative factor. With this choice, the connected sum formula 
( |2.40| ) is still valid with playing the role of the irreducible representation p. Note that the unit 
in T corresponds to the one-dimensional trivial representation of G. The unit in 7^^) will be denoted 
by ip[l]; ip[l] is the class defined by the trivial representation. 

For fixed integer k, the decomposition (|2.27| ) can be rewritten as 

0{V) = Y.Ci^)WiC■,m . (4.16) 

i 

Since T^^^-^ = T / /(jt^ and T is a commutative algebra, the structure constants { Nijm } satisfy 

Nijm = Njim . (4.17) 

The tensor algebra T admits a natural involution represented by complex conjugation, * : T ^ T. 
Explicitly, x[p] ~* x[p*]- The ideal /(^j is stable under the * automorphism of T. Indeed, if ?? G /(^j 
one has 

{W{C;ri)W{Ci;xi) ■■■W{Cn;Xn))\^.^ = , (4.18) 

for any choice of {xitX2, Xn} G 7" and for any link L = {C, Ci, C„}. On the other hand, if C 
has colour r/* one finds 

{W{C-r]*)W{Ci-xi)---WiCn;Xn))^^ 

= {W{C~';v)W{Ci;xi) ■■■W{Cn;Xn)) ^= , (4.19) 

where denotes the knot C with reversed orientation. Therefore, t]* also belongs to /(fc). The 

action of * on the elements { V'l^] } of T(^k) is denoted by ^ 

Since Fp^p^p = Fp*p*p*, one can always choose the elements {V'l^]} of the standard basis of T^;,) 
in such way that 

Nijm = Ni*j*^, . (4.20) 

Eq. ([4.20| ) is a consequence of the fact that * is an automorphism of T(^k)- The reduced tensor algebra 
T(fc) is called regular if the following properties are fulfilled p^ : 



4.2 Reduced tensor algebra for SU(3) 
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(i) T(^f.^ is of finite order D; 

(ii) the structure constants defined by the elements of the standard basis satisfy 

Nijm = Ni*mj ; (4.21) 

(iii) with respect to the the standard basis {ip[i] , i = 1, 2 ■ ■ ■ D} , one has 

D 



X+ = Y1 l"^^"^ ^oW / . (4.22) 



i=l 



In equation ( 4. 22] ), Q{i) denotes the value of the quadratic Casimir operator associated with an 
element of the class il)[i] and Eq[i\ is the value of the unknot in with preferred framing and 
colour V'l^]- 



When the reduced tensor algebra is regular, equation ( 4.21 ) implies that 

N^Jl = iV,n, = k*j = kr ; (4-23) 
Nijm' = Nimj' = Njmi' . (4.24) 



The meaning of equation ( 4.23| ) is clear: in the decomposition of the product the unit 

element ip[l] appears if and only if ip[i*] = 

In the next sections we shall construct explicitly the reduced tensor algebra when G = SU{2) 
and G = SU{3), in both cases, 7(fc) turns out to be of regular type. There are strong indications 
that this is true also for any unitary group. The reason why we have introduced this definition is 
that, when 7(fc) is of regular type, an operator realization of Dehn's surgery exists, see Chap. 6 and 



|36|. The operator surgery method will permit us to solve the CS theory in a generic three-manifold 
M. For our purposes, the existence of the surgery operator is crucial; so, we shall assume that T(;j) 
is regular. This seems to be a reasonable assumption which can be checked directly for any concrete 
choice of G. 

It should be noted that the reduced tensor algebra 7(fc) has a twofold origin. On the one hand, 
the algebraic structure of T^;.) is inherited from the tensor algebra of the gauge group. On the other 
hand, the ideal /(^^ which must be factorized encodes several features of the CS field theory: 

(1) the ideal depends on the gauge group, of course; 

(2) the ideal depends on the value of k; 

(3) the ideal strongly depends on the values of the observables of the CS theory. Indeed, the 



physical equivalence relation (4.1) involves all the observables of the model. 



Let us consider the set A C TZg characterized by the following property 

p£A^Eo[p] = . (4.25) 

One can also consider A as contained in T; indeed, by using Property 4.1, it is evident that A C /(fc). 
Because the knowledge of /(^^ is equivalent to the knowledge of Tk, our first step in the construction 
of Tfc will be the study of the set A. 



4.2 Reduced tensor algebra for SU(3) 
4.2.1 Zeroes of the unknot 

For fixed integer k, the value of the unknot EQ[m,n] may vanish for certain values of m and n. 
In this section, we shall consider the set A of elements { xb^y ^] } ^or which the associated value 
Eolm, n] is vanishing. As we have seen, A plays a crucial role in construction of the reduced tensor 
algebra. 

Let us first consider the case in which A; > 3. From eq.( |3.56| ) it follows that Eo[m,n] vanishes 
when one of the following conditions is satisfied 
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1. m = ka — 1 , 

2. n = kb - I , 

3. m + n = kc — 2 , 

where a, b and c are integers. Let us represent the irreducible representations {(m, n)} by the points 
of a two-dimensional square lattice. The elements of A determine a regular structure on this lattice. 
The zeroes described in point (1) lie on vertical lines which are equally spaced; those described in 
point (2) lie on (equally spaced) horizontal lines and the zeroes in point (3) correspond to diagonal 
lines. The pattern of the zeroes is shown in Fig. 4. 2. 




Figure 4.2 



The region of the plane delimited by the two axes m = 0, n = and the diagonal line m + n = k — 2 
does not contain zeroes of the unknot and will be denoted by A^. The region is called the 
fundamental domain; we will show that the classes represented by the points in A^ form a complete 



basis of Ti 



{k)- 



When k = 2, eq.(|]5|) gives 



lim EQlm, 
k^2 



n\ 





-(n + l)/2 
-(m + l)/2 
-(m + n + 2)/2 



for m and n odd; 
for n odd and m even; 
for m odd and n even; 

for m and n even. 



(4.26) 



Finally, for k = 1 one has 



lim Eo[m, n] 



1 



m + l)(n + l)(?7i + n + 2) = D{m,n) 



(4.27) 



It should be noted that the cases in which k = 2 and k = 1 present certain peculiarities with respect 
to the general situation that one has for A; > 3. Consequently, in the construction of the reduced 
tensor algebra we will need to distinguish the cases k = 1, k = 2 and k > 3. 
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4.2.2 Null elements 



In this section we shall prove that, when k > 3, all the elements of A are generated |35, 33 1 by two 
fundamental nontrivial "null elements". 



Property 4.3 I For k>3, each element x[m, n] of A can he written in the form 



where 



X[m,n] = Ci Xi + C2 X2 



Ci = x[k-2,0] 



(4.28) 



(4.29) 



C2 = X[k-1,0] , 
and the elements xi '^'^^ X2 belong to the representation ring of SU{3). 



(4.30) 



Proof It is easy to verify that all the elements of TZ which can be written as in eq.( |4.2g| ) form an 
ideal of TZ denoted by ^(Ci, C2)- We need to prove that each element of A belongs to ^(Ci, C2)- In 
order to do this, we shall use the tensor product decompositions 



(m, n) (g) (1, 0) = (m + 1, n) © (m — 1, n + 1) © (m, n — 1) 



(4.31) 



(m,n)© (0,1) = (m, n + 1) © (m + 1, n — 1) © (m — 1, n) 



(4.32) 



Let us recall that the elements of A correspond to the points on diagonal, horizontal and vertical 



lines of the square lattice introduced in the previous section. First of all, we use eqs.(4.31) and 
( 4.32| ) to prove that if three elements of B{(i,C2) are represented by three consecutive points in 
a diagonal line, then all the remaining points of the diagonal belong to B{Ci,C2)- Indeed, setting 
m— >m+l , n— >?7-— lin eqs.( 4.3i] )-( |4.32D and subtracting them, we have 



X[m, n] x[l, 0] - xifn + 1, n - 1] x[0, 1] 
= x[m— l,n + l] — + 2, n — 2] 



(4.33) 



Thus, if — l,n + 1], x[m, n] and x[m + l,n — 1] belong to B{Ci,C,2), eq.( [4.33 ) implies that 
x[m + 2, n — 2] also belongs to ;B(Ci, C2) (see Fig.4.3). 



Figure 4.3 



1 in eq.( [4.33 ), we conclude that xi^- — 2,n + 2] 



With the substitution m ^ m — 1 and n ^ n 
also belongs to i3(Ci,C2), as shown in Fig.4.4. 

Clearly, all the remaining points on the diagonal can be obtained by induction. The same argument 
can be used to prove that the presence of three consecutive elements of B{C,i,C,2) in a vertical (or 
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horizontal line) implies that all the remaining points of the line are also elements of i3(Ci, C2)- For 
a vertical line the relevant formula is: 

X[m,n] x[l,0] - x['m,n + l] x[0,l] = 

= x[m, n — 1] — x["^ii^ + 2] , (4.34) 
whereas for an horizontal line the recursive formula is 

X[m,n] x[l,0] - x["i - 1,"] X[0, 1] = 

= x[m + l,n] — x["i — 2,n] . (4.35) 

Now we arc ready to express all the elements of A in terms of Ci and ^2 • Let us consider the elements 
of the "first" diagonal m + n = k — 2 (see figure 4.2); the fundamental null vector (^i = x[k — 2,0] 
corresponds to the crossing point of the diagonal with the m-axis. From equation 

Cix[l,0] = C2 + X[A:-3,1] , (4.36) 

it follows that x[k — 3, 1], which belongs to A, also belongs to H(Ci, C2)- The following equation 

X[k - 3, 1] x[l, 0] - Ci X[0, 1] = x[k - 4, 2] , (4.37) 

implies that x[k — 4, 2] G B{(i, (2)- At this stage, we have shown that three elements of A, which 
are represented by three consecutive points on the first diagonal line, belong to H(Ci,C2)- Conse- 
quently, all the points of this diagonal line belong to B{Ci, (2)- In other words, the elements of A 
corresponding to the points of the first diagonal line (see Fig.4.2)) are also elements of B{(i, (2)- 

Let us consider now the points lying on the first vertical line m = k — 1. The first base point is 
C2 = x[k — ^,0]- The second point can be obtained by using: 

C2x[o,i] = x[A^-i,i] + Ci , 

^X[fc-l,l] Gfi(Ci,C2) . (4.38) 
The third point can be expressed in terms of ^1 and C2 according to 

X[A.— 1,1]X[0,1] = x[fe-l,2]+x[/c,0]+x[A:-2,l] , 
C2X[1,0] = x[^,0]+x[fe-2,l] , 

x[k -1,2] = x[k - 1, 1] X[0, 1] - C2 X[l, 0] G ^(Ci, C2) • (4.39) 

Since x[k — 1,0], x[k — 1, 1] and x[k — 1,2] belong to B{Ci,(2), all the points of the vertical line 
(A; - 1, n) belong to B{Ci, (2)- 

We now examine the first horizontal line n = k — 1; for the first point we have 



x[0,A:-2] x[0,l] = x[0,fc-l]+x[l,fc-3] 
^X[0,fe-1] G^(Ci,C2) . 



(4.40) 
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The second point can be expressed as 

X[0, k-1] x[l, 0] = x[l, A; - 1] + x[0, k - 2] , 

^x[l,fc-l]GS(Ci,C2) . (4.41) 

For the third point we get 

X[l,k-l]x[l,0] = x[l,k-2]+x[0,k-2] + x[2,k-l] , 
X[0, k-1] x[0, 1] = xih k-2]+ x[0, k-2] , 

X[2, k-1] = xih k-1] x[l, 0] - x[0, k-1] x[0, 1] G ^(6,(2) • (4.42) 

At this stage, by using eg. ( [4.35 ) recursively, we find that all the points of the first horizontal line 
belong to e(Ci,C2). 

To sum up, in this first step we have shown that the elements of A which correspond to the 
points of the first diagonal, vertical and horizontal lines belong to ;S(Ci, C2). 

In the second step, we consider all the remaining diagonal and horizontal lines. Let us start with 
the base points of the second diagonal line. The element given by x[k — l,k — 1] lies on the first 
horizontal line, therefore it belongs to B{Ci,C2)- The second base point corresponds to x[k,k — 2]; 
indeed, 

X[k-l,k-2]x[l,0] = x[k,k-2] + x[k-2,k-l]+x[k-l,k-3] , 
^x[k,k-2] = x[k-l,k-2]x[l,0]-x[k-2,k-l] 
-x[k-l,k-3eB{Ci,C2) ■ (4.43) 

For the last element, we have 

X[k-2,k-l]x[^,l] = x[k-2,k]+x[k-l,k-2]+x[k-2,,k-l] , 

^X[fe-2,fc] Ge(Ci,C2) . (4.44) 

By using eq.( |4.33| ) recursively, one can complete the second diagonal line. The same argument that 
we have presented before can be used to analyze all diagonal and horizontal lines. Indeed, since all 
the points of the second diagonal belong to B{C,i,C,2)-, we can construct the second horizontal line 
as we did for the first. Then, we can construct the third diagonal line and so on. It is clear that 
this recursive procedure shows that all the points on the diagonal and horizontal lines belong to 

S(Cl,C2). 

In the third and final step, we consider the vertical lines. Three base points for the second 
vertical line can be obtained by exploring the crossing between the third diagonal and the first 
horizontal lines. The first element is 

X[2A:-1,A;-I]x[l,0] = xi'^Kk - 1] + x[2k - 2,k] + x[^k - l,k - 2] , 
^x[2A:-l,A:-2] G^(Ci,C2) • (4.45) 

For the second element, we take 

x[2A;-l,A:-2x[l,0] = x[2k,k - 2] + x[2k - 2,k - 1 + x[2k - l,k - i] , 
^x[2A:-l,A;-2] Ge(Ci,C2) . (4.46) 

The third element, which corresponds to x[2^ ~ 1) ^ ~ 1]; belongs to the first horizontal line. There- 
fore, by using eq.( 4.34| ), we can complete the second vertical line. Repeating the same argument 
at every crossing point between the first horizontal line and the diagonal lines, all the vertical lines 
can be constructed. 

In conclusion, all the elements of A belong to i3(Ci, C2) or, in other words, can be written in the 
form shown in eq.(4.28). Consequently, Property 4.3 is proved. □ 
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4.2.3 Reduced tensor algebra for k > 3 

In this section we will determine the structure of the reduced tensor algebra T(^k) for k > 3. Let L 
be a coloured and framed link in with components {C,C' , • • •} in which the component C has 
colour T] £ T. If (for fixed integer k) i] = n] G A, Property 4.1 implies that ( W{L) ) |^3 = for 
any link L. As we have already mentioned, this means that rj = xb^^^ n] £ Ais physically equivalent 
to the null element. 

Property 4.4 // the component C of a link L has colour rj = Xi X2 with xi £ c-iT-d X2 £ 
one has 



{W{L))\ 



S3 







(4.47) 



Proof. By using the satellite formula ( p. 321) , the expectation value of W{L) can be expressed as 



{W{L) 
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{W{h^iB),C' 



)) 



;xi , X2, X 



)> 
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S3 

{w{L'): 



S3 



(4.48) 



where /i* is the homeomorphism defined in section 2.2 and B is the two-component pattern link 
shown in Fig. 2. 3. In eq.( 4.48| ), L' denotes the satellite which has been obtained from L by replacing 
the component C with the image h^{B) of the pattern link. Note that L' has two components which 
have colours xi and X2- Therefore, if xi ^ by using Property 4.1 one has ( W{L') ] 



lS3 



consequently, ( W{L) ' 



S3 



0. 



and, 
□ 



We shall now determine the ideal /(^). Clearly, Property 4.1 implies that any element ij of the 
form T] = xi X2, with xi £ and X2 G belongs to /(^j. Since any element of A is of the form 
( [4.28| ), it is natural to expect that each element C of I{k) can be expressed in the form 



C = Ci X + C2 



(4.49) 



where x and x' belong to T. We will prove that this is indeed the case; in other words, for fixed 
integer /c > 3, /(fc) is the ideal generated by the two null vectors Ci and (2 shown in eqs. (@]2|) and 
( [4.30| ). The proof essentially consists of two steps. Firstly, assuming that each element of /(^.j is of 
the form ( 4.49| ), we shall determine the corresponding set T^;.) of equivalence classes. Secondly, we 
will show that this set is physically irreducible; i.e. ^' ~ implies ^ = 0. 

We shall now give three basic rules which connect, for fixed integer A; > 3, physically equivalent 
elements of T. Let us recall that each element x['^)'^] of the standard basis of T is represented 
by a point in the square lattice shown in Fig. 4. 2. Furthermore, the elements of A are organized 
in diagonal, vertical and horizontal lines in the same lattice. To each line is associated [ 
correspondence rule. 



33| 



Rule 1 I Let us consider the element Suppose that, for some nonnegative integer 

(4.50) 



p, x{^ ~ Pi ^] belongs to A and is represented by a point on a diagonal line; then 

x[m,n] ~ —x[fn—p,n — p] 



Proof When p = 1, one has 



~ x["i ~ li x[l) 0] = x["^) ^] + x["i ~ 2, n + 1] + x[™ — 1, — 1] 



(4.51) 
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Since xb^ — 2, n + 1] is represented by a point on the diagonal which is determined by — 'T']; 
xim — 2, n + 1] belongs to A and then — 2, n + 1] ~ 0. Therefore, eq.(4.51) gives 



X[m,n] ~ - x[m - l,n - 1] 



(4.52) 



which shows that eq.( [4.50| ) is satisfied for p = 1. We now proceed by induction. Let us assume that 
eq. ( ^) is valid for p < p. We consider the following decompositions 



X[m,n]x[l,0] = x[m + l,n]+x[m-l,n + l]+x[m,n-l] , 



(4.53) 



x[Tn — p,n — p] xi^^O] = — P + 1) — p] + ~ P ~ 1) ~ P + 1] + xi"'- ~ ~ P ~ 1] 

(4.54) 

By the induction hypothesis, one has 



X[m,n] ~ -x['m-p,n-p] , 

X[m-l,n + l] ~ -x[m-l-p,n + l-p] , 

X[m,n-l\ ~ - x[m- {p - l),n -1 - {p - 1)] 



Therefore, by adding eqs.( [4.53|) and (|4.54[) and by using ( [4. 551) , one finds 

X[m+l,n] ~ - x["i + 1 - (p+ l),n - (p+ 1)] 



Eq. (|4.56D shows that eq.( |4.50D holds also for p = p + 1; this concludes the proof. 



(4.55) 

(4.56) 
□ 



Rule 2 I Let us consider the element xii^jn]- Suppose that, for some nonnegative integer 

(4.57) 



p, — p,n] belongs to A and is represented by a point on a vertical line; then 

x[m,n] ~ — — 2p, n + 



Proof When p = 1, one has 

~ xi"*- ~ 1) "^1 xil; 0] = 'T-] + xi^i ~ 2, n + 1] + — 1, — 1] • (4.58) 

Since — 1) — 1] is represented by a point on the vertical line which is determined by — Ij ''^]) 
x[m — 1, n — 1] belongs to A and then ^[w- — 1) ''^ — 1] 0. Therefore, eq.( [4.58 ) gives 



x[m,n] ~ — x["i — 2, n + 1] 



(4.59) 



which shows that eq.( [4.57] ) is satisfied for p = 1. We now proceed by induction. Let us assume that 
eq.( [4.57| ) is valid for p <p. We consider the following decompositions 



X[m,n]x[l,0] = x[m + l,n]+x[m-l,n+l]+x['m,n-l] 

x[m — 2p,n + p] x[^,0] = x["i ~ 2p + 1, n + p] + 
— 2p — 1, n + p + 1] + xiw- — 2p, n + p — 1] 



(4.60) 



(4.61) 



By the induction hypothesis, one has 



X[m,n] r x["i-2p,n + p] , 

x[?Ti— + ~ — xl"! — 1 — 2(p — 1), n + 1 + (p — 1)] 
x[?Ti,n — 1] ~ — x["i- — 2p, n — 1 — 



(4.62) 
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Therefore, by adding eqs.( 4.6C| ) and ( [4.61| ) and by using ( 4.62 ), one finds 

X[m + l,n] ~ - xim + 1 - 2{p + l),n + {p + 1)] . 
Eq.( 4.63| ) shows that eg. ( 4. 57] ) holds also for p = p+ 1. 



(4.63) 
□ 



Rule 3 I Let us consider the element Suppose that, for some nonnegative integer 



p, xi'iT^i'iT' ~ p] belongs to A and is represented by a point on a horizontal line; then 

x[m,n] ~ — x[nT- + P^n — 2p] . (4.64) 



Proof The proof of eq.(4.64) is based on the same algebraic manipulations as those used in the 
proof of Rules 1 and 2. □ 

The equivalence relations described by Rules 1, 2 and 3 are shown in Fig. 4. 5. These rules must 
be used to connect points of the physical region (m > and n > 0) of the square lattice. The points 
of the physical region of the lattice describe all the irreducible representations { (m,n) } of SU{3) 
which label the elements { xb^^ "n] } of the standard basis of T. 

For fixed integer /c > 3, let us consider a generic element x["^;^]- If xi"'-)''^] belongs to A, then 
xifTi, n] ~ 0. If ^["i,''^] ^ A, hy using Rules 1, 2 and 3 recursively, it is easy to see that xlw-;'^] is 
physically equivalent (with a well determined sign) to an element x[c^)^] represented by a point in 
the fundamental domain A^. The points of Aj, have coordinates (a, 6) characterized by 



A, 



k = { (a, 6) } with I 



< a < k-2 , 
< b < -a + k-2 



(4.65) 



We shall denote by "^[a, b] the class associated with the irreducible representation (a, b) of SU (3) 
with the point (a, b) S A^. A generic element x of T admits a linear decomposition in terms of the 
elements of the standard basis of T 



X 



C{m,n) x[m,n] . (4.66) 



Let ^ be the class of physical equivalent elements associated with x- Since the class corresponding 
to each x[m,n] is the trivial class or a class with (a, 6) G A^, from eq.( [4.66D it follows that 

* = ^'i^,b)^a,b] , (4.67) 

(a,fe) e Afe 

where { ^'(a, b) } are linear combinations of the coefficients { ^(a, b) }. 

To sum up [^], assuming that for k > 3 each element of /(fc) has the form ( 4.4S| ), eq.( [4.67| ) shows 



that the elements of T modulo the ideal /(^^ admits a linear decomposition in terms of the classes 
{^[a, b] } with (a, b) S A^. Therefore, {^[a, b] } form a basis of T^f.) that we call the standard basis. 
It remains to be verified that '^(fc), defined above, is physically irreducible. This means that if the 
element G 7^^) is physically equivalent to zero ~ 0, then = 0. The proof is very simple. 
Let us consider the Hopf link in which one component has colour and the other component has 
colour given by a generic element ^ of T(^k)- If ^* ~ 0) the associated expectation value vanishes 

{W{Ci;^.)W{C2;^))\^^ = . (4.68) 
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(a-n,b-n) 



(a-2n,b+n) 



(a,b) 



^(n) ■ 



(a,b) 



(a,b) 



(n) 



(a-n,b+2n) « 



(a+2n,b-n) 



(a,b) 



(n) 



(a+n,b-2n) 



Figure 4.5 



(n) 



(a,b) 



Let us expand as in ( [4.67 ), 



= ^ ^=K(m, n) ^'[m, n] . 

(m,ra) g Afe 



Since eq. (|4.6g| ) holds for arbitrary ^, eg. ( 4.6^ ) implies that, for any (a, 6) G A^, one has 



//[(m, n), (a,6)] = . 

(m.n) G A^; 



(4.69) 



(4.70) 



The complex numbers {H[{m,n),{a,b)]}, for {m,n) £ and (a, 6) G A^, can be understood as 
the matrix elements of the the Hopf matrix H. As shown in Appendix C, the Hopf matrix H for 
G = SU{3) is invertible; therefore, eg. (4. 70) implies that 



^*(m, n) = , for any {m,n) G A^ 



(4.71) 



This shows that = 0. In conclusion, the results of this section are summarized by the following 
theorem |3^]. 



Theorem 4.1 I For fixed integer k>3, the reduced tensor 



ra Ti^].-^ coincides with the 



classes of elements of T modulo the ideal /(fc) generated by the non-trivial null vectors (i and (2 
defined in sect. 4. 3. 2. 



Finally we note that, as a linear space, T^f.-^ has dimension which is equal to the number of rep- 
resentative points on the square lattice which belong to the fundamental domain A^. Conseguently, 
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for fixed k > 3, the reduced tensor algebra 7^^) is of order (k — l){k — 2)/2. When k = 3, the 
order of 7(3) is equal to unity; in this case, the fundamental domain A3 contains a single point with 
coordinates (0,0). This means that, for k = 3, there is only one class of physically equivalent states; 
this class can be represented by x[0,0]. 

We note that according to the definition given in Sect. 4.1, the reduced tensor algebra 7^^), with 
A: > 3 is regular. Indeed, the only non trivial property to be verified is ( 4.21| ), the proof can be 
found in App.C.2. 

4.2.4 Reduced tensor algebra for k = 1 

In this section we compute the reduced tensor algebra for k = 1 . Since £'o[m,n] does not vanish 
when k = 1 (see eq.( 4.27D ), in the construction of the reduced tensor algebra 7(i) one finds a 



situation which is quite different from the case k > 3. Clearly, when A; = 1 we cannot use the same 
argument that we presented in the previous section; nevertheless, we will show that the expectation 
value of a generic link L has a beautiful periodicity in the colour state space T. 

In order to find T(^i), we shall produce the explicit expression of ( W{L) )|^3 for a generic link L 
when k = 1. As we shall show, we only need to consider the double crossings between two lines of a 
link diagram. These crossings can be analyzed by using the graphical rules introduced in in chapter 
2. Let us consider a part of a link diagram (tangle) which describes a two-string configuration. The 
no-crossing tangle, representing two parallel lines, can be decomposed as shown in Fig. 4. 6. 



Pi P2 



P^ Pi® P2 



Figure 4.6 



Pi P2 



The "projectors" appearing on the right-hand side of the relation shown in Fig. 4. 6 represent skein 
modules. One can always imagine that the part of the link, which is described by the tangle, is 
contained inside a solid torus. Each projector simply selects one colour state of the standard basis 
of T which fiows along the core of this solid torus. The tangle corresponding to a double crossing 
can be decomposed [|^, 31| as shown in Fig.4.7, where the twist variable a{a,h) is given by 



a{p) = a{a,h) = g'^K'') 



(4.72) 



When k = 1, one has 



a{a,b] 



-2^(a2+fe2+3a+3fe+afe) 



(4.73) 



The algebraic structure of expression ( 4.73| ) shows that a{a,b) depends on the values of a and b 
modulo 3. Let us introduce the triality tp of an irreducible representation p ~ (a, b), defined as 



tp = a — b (mod 3) 



(4.74) 
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Figure 4.7 




In our convention, the possible values taken by tp are { — 1, 0, 1 }. The value of a variable is 



27ri 



a{p) = 63 \i tp ^ , 

a{p) = 1 if = . (4.75) 

Triality is conserved in the sense that all the irreducible representations { yOj } of SU{3), which enter 
the decomposition of the tensor product pi <^ P2, have the same triality: 

Pl'^P2 = Pi 
i 

tp, = tp, + (mod 3) Vi (4.76) 

Eqs.( 4]75|) and ( [4. 761) imply that, for k = 1, the decomposition illustrated in Fig.13.2 takes the 
simple form shown in Fig. 4. 8. The complex coefficient l^j is given by 

^PiP2 = e^*"^*"^ • (4.77) 

Double under-crossing can be obtained simply by replacing l^^pj with its complex conjugate ^p* p2- 
Let us now compute the expectation value of a Wilson line operator associated with a generic 
link L with n coloured components; the colour of the component d is given by the irreducible 
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representation pj. The relation shown in Fig. (4.8) permits us to transform L into a cohection of n 
disjoint knots. Consequently, one finds 



{W{Ci,--- ,Cn; Pir-- ,Pn)) 



S3 



F{tp,,---, tp„ ) {W{ Ci; PI )) • • • {W{ Cn, Pn )) 
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where 



F{tpi,--- ^-tpn) = exp 



2m 



i<j 



(4.78) 



(4.79) 



At this stage, by using the relation of Fig. 4. 7 and eg. ( [4. 75 ), we can transform each knot Ci into the 
unknot. Therefore we have 



{W{Ci,--- ,Cn; Pi,--- ,Pn)) 



S3 



n ^0[P^ 



(4.80) 



\i=l 



with 



G = exp 



-27ri 



^2ik(Q, c,)tp^tp^ + 5^ik(Q, a^)ti 



i<j 



(4.81) 



At this point, from eq.( 4.80| ) and eq.(4.81) it is clear that the equivalence classes of physically 
equivalent colour states are characterized only by triality. Therefore, the reduced tensor algebra 



T(i) is of order equal to three |35, 33]. The elements of the standard basis of T(i) are denoted by 
{ ^'[0], ^[1], 1] }; the structure constants are determined by triality conservation 



^[1], ^-[0] ^-[-1] = ^[-1] 
^[-1] ^'[-1] = ^'[1] . 



(4.82) 



Since, for k = 1, one has EQ[a,b] = D{a,b), each element of T corresponds to an element of 7(i) 
according to 



X[a,b] 



D{a,b) ^ 
D{a,b) ^' 



if a — 6 = (mod 3) 
if a — 6 = 1 (mod 3) 



D{a,b)'^[-1] iia-b = -l (modS) . 



(4.83) 



As a check, let us verify that the Hopf matrix, defined in terms of basis elements of is non 
singular. We consider the Hopf link, shown in Fig. 8.1, in which each component is characterized 
by an element of the standard basis {^'[0], ^'[1], ^'[— 1]} of 7(x)- The expectation value of the 
associated Wilson line operator is 



where, according to eqs.( [4.8d|) and ( [4.81 , the 3x3 matrix H is given by 



/II 1 

/ 27vi in 

H = [ 1 6 3 6 3 

\ 1 6 3 6 3 



(4.84) 



(4.85) 



Since the Hopf matrix H is invertible, the set 7(i) is physically irreducible; this concludes the 
construction of the reduced tensor algebra for k = 1. 
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4.2.5 Reduced tensor algebra for k = 2 

When k = 2, the value of the unknot is 



Eo[m, n 



\k=2 



for m and n odd; 

— (n + l)/2 for n odd and n even; 

— (m + l)/2 for m odd and n even; 
(m + n + 2)/2 for m and n even. 



(4.86) 



Property 2 and eq.(4.86) imply that each irreducible representation ^['tI)''^]) with m and n odd, is 
physically equivalent to the null element of 7(2) • The set of representations { ''^] } with m and 
n odd is called A2- The value of the twist variable for /c = 2 is 



(4.87) 



Apart from the irreducible representations physically equivalent to the null element, we find that 
the value of a(a, h) depends only on triality. More precisely, if the irreducible representation p does 
not belong to we have 



a{p) 
a{p) 



2iri 

e 3 



if tp^O, 



if tr. 







(4.88) 



In analyzing the double crossings, we can ignore the representations contained in A2', indeed, each 
projector on a representation of this kind gives a vanishing contribution. Therefore, eq.( f4.88 ) implies 
that the relation shown in Fig. 4. 8 is valid also for k = 2; we only need to compute the new values 
of the coefficients Yp-^p^. From eq.( [4.87| ) and the relation shown in Fig. 13.7, for k = 2 one finds 



pi P2 



— 2ni I I 
g 3 ^Pl ^P2 



(4.89) 



The same argument that we used in the previous section now gives 



{WiCi,--- ,C„; pi,--- ,pn)) 



S3 



G'itp,,--- ,tpj m Eo[p, 



(4.90) 



with 



G' = exp < 



27ri 



2 ik( a, c, ) tp^ tp^ + H a, ) t% 



i<j 



(4.91) 



The equivalence classes of physically equivalent colour states are again characterized only by triality. 
Therefore, the reduced tensor algebra T(2) is of order equal to three The elements of the 

standard basis of T(2) are denoted by { ^I' [0] , [1] , [— 1] } with structure constants 



^'[1] *[1] = ^[-1], ^-[1] ^-[-1] = ^[0] 



M/[-l] 



Each element of T corresponds to an element of 7(2) according to 

X[a,b] 



r Eo 


a, b 


^' 







if a — 


b 


= 


I Eo 


a, b 


^' 


1 




if a — 


b 


= 1 


I Eo[a,b] 


-: 


-] 


if a — 6 




-1 



{mods 
(mods) 



(4.92) 



(4.93) 



where £'o[a,6] is given in eq.( 4.86 ). 
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When k = 2 the Hopf matrix if, which is defined in terms of basis elements { ^'[0], ^'[1], '!'[— 1] } 
of T(2) , is given by 

/II 1 \ 

/ -27ri 27ri \ 

H = \ I e— e— . (4.94) 

V 1 6 3 6 3 / 

Clearly, the Hopf matrix H is invertible and then 7(2) is physically irreducible. 

We note that the reduced tensor algebras 7(^) and T^2) isomorphic and coincide with the 
group algebra of the center Z3 of SU{3). 

4.3 Reduced tensor algebra for SU(2) 
4.3.1 Reduced tensor algebra for k > 2 

The strategy to construct the reduced tensor algebra when G = SU{2) is similar to the case 
G = SU{3), however this case is simpler. In this section we shall consider the case k > 2. From 
eq.(^), it follows that for A; > 2 

Eo[J] = with J = "'^ ~ ^ n E Z+, n > 1 . (4.95) 

Thus, x[J] £ J( fc) wh en J is of the form J = (nk — l)/2, with n G Z+, n > 1. The lowest value Jq 
of J for which ( [4.95| ) is satisfied is 

Jo = . (4.96) 

By using the well known property of the tensor product decomposition into irreducible represen- 
tations of SU{2), it is quite easy to show that /(^^ is generated by x[Jo] for k > 2. Indeed, the 
following property holds. 



^^Propert^^^^J Let x[J] such that x[J — d] ^ with d = n/2 n G N, i.e. x[J ~ <^ 

physically equivalent to the null element; then we have 

X[J\ ~ - X[J - n . (4.97) 

Proof 

We prove ( 4.97| ) by induction. Let us consider the following decomposition of representations 



X[J - 1] X[l] = X[J] + X[J - 1] + X[J - 2] . (4.98) 

When d = 1, by the hypothesis it follows that x[J — 1] ~ 0, thus eq.( |4.9^ ) implies 

X[J] - -X[J - 1] • (4.99) 
Similarly, when d= 1/2, by using the decomposition 

X[J - 1/2] x[l/2] = X[J] + X[J - 1] , (4.100) 
and the hypothesis x[J ~ 1/2] ~ 0, it follows that 

X[J] -X[J - 1] • (4.101) 
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Eqs.( [4.100| ) and ( [4.101| ) show that property 4.4 holds when d = 1, 1/2. Now suppose that property 
4.4 is true for a fixed d, we shall show that is also true for d + 1 and d + 1/2. Let us consider the 
following decompositions 

X[J] = X[J + 1] = X[J] + X[J - 1] , (4.102) 

X[J - 2d] x[l] = X[J - 2d + 1] + x[J - 2d\ + x[J - 2d - 1] . (4.103) 
By the induction hypothesis 

X[J] ~ -X[J - 2d] , x[J - 1] ~ -X[J - 2d + 1] . (4.104) 
Therefore, by adding eqs.( 4.l6^ ) and ( 4.103| ) and by using eg. ( 4. 104 ), one gets 

X[J + 1] ~ -x[J - 2d - I] . (4.105) 
Eq.( 4.105|) shows that property 4.4 holds also for d + 1. Finally, let us consider the decompositions 

X[J] x[l/2] = x[J + 1/2] + X[J - 1/2] , (4.106) 

X[J - 2d] x[l/2] = x[J - 2d + 1/2] + x[J - 2d - 1/2] . (4.107) 
By the hypothesis on has 

X[J] ~ -X[J - 2d] , x[J - 1/2] ~ X[J - 2d + 1/2] . (4.108) 
By adding eqs. (|4.106D and (|4.107D and by using eq.( [4.10^ ), it follows 

X[J + 1/2] ~ -x[J - 2d - 1/2] . (4.109) 

Eq.( 4.10'^ shows that property 4.4 holds also for d + 1/2. □ 

Property 4.4 determines the reduced tensor algebra completely. Let us introduce the "fundamental" 
domain Afc defined as 

k — \\ 

J such that < J < Jo = \ . (4.110) 

Given x[J] ^ '^i by using property 4.4 recursively, one can show that either x[J] is equivalent to 
an element of the fundamental domain or is physically equivalent to the null element. Indeed, for 
any J, one can find n £ N such that 

J = nJo + J , (4.111) 
with J £ Afc. In particular from eq.( [4.1li| ) and property 4.4 it follows that, when x[J] ?^ 0, on has 

X[J] ~ i-irx[J] . (4.112) 
Because any element x ^ '^k can be decomposed as 

X = E^^-^)^!-^] ' (4.113) 
J 

from eq.( [4.11^ ), it follows that the standard basis of 7^ for /c > 2 is the following 

^[J] with ^ - 1 > J > o| . (4.114) 

In particular, any element ^[J] of the standard basis admits as a representative an irreducible 
representation x[J]] the equivalence relation is the following 

qi[J] ^ x[J] , with ^ - 1 > J > . (4.115) 



It follows from ( 4.114 ) that, for A; > 2, 7^ is of order (k — 1). This results was originally obtained 
in pi. 
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4.3.2 Reduced tensor algebra for k = 1 



In this section we shall consider the special case k = 1. From the general expression (| 
that -Bo[<^] never vanishes when k = 1. Indeed 



lim Eo[J] 



(_1)2J (2J + 1) 



it follows 



(4.116) 



When k = 1 the deformation parameter is very simple q{l) = q{l 



1-1 



1. Starting from this fact 



one can derive [31| a general expression for the expectation value of a link L with components 
{Ci, • • • , Cm} and colours {x[-^i], • • • , x[Jm]}; one has 



EiL) 



exp 



\i=l 



a<b 



(4.117) 



Eq.(4.117) shows that there are only two physically independent classes , thus the reduced tensor 
algebra 72 is of order two. Let us introduce the two elements ^'[0] and ^[1/2] of the standard basis 
of 72- The structure constants are the following 



*[0] *[0] = ^[0], ^[0] ^[1/2] = ^[1/2], 
^-[1/2] ^'[1/2] = ^-[0] . 



(4.118) 



As a consequence of (|4.118| ), 72 is isomorphic with the group algebra of the center of SU{2), Z2. 
Given x[J] ^ '^j it can be associated with an element of the standard basis of 72. Explicitly 



X[J] => (2J + 1)^'[0] for J integer ; 

X[J] =^ (2J + l)^'[l/2] for J not integer 



(4.119) 



Chapter 5 

Dehn's surgery 



5.1 Introduction 

In this chapter we shah describe a powerful method which permits to construct every closed, con- 
nected and orientable 3-manifold starting from the reference 3-manifold S^. We recall that a mani- 
fold is called closed when it is compact and without boundary. This technique, pioneered by Dehn, 
is based on a finite number surgery operations. The single operations consist in cutting from S"^ 
a solid torus N = x and then in sewing back N to — N hy identifying their bound- 
aries with an appropriate homeomorphism h. Dehn's surgery will be the key ingredient in solving 
Chern-Simons field theory in any closed, connected and orientable 3-manifold; it turns out that the 
surgery instructions in admit a realization as symmetry transformations on the observables of 
the Chern-Simons theory in S^. 

In order to introduce Dehn's surgery, it is worth to recall some mathematical results concerning 
torus topology. 

5.2 Knots in a torus 

The two-dimensional torus is a manifold homeomorphic with x S^. A useful coordinates 
system on is the following 

(e^^i, e^^2^ = {01, 62) < ei,< 27r i = 1, 2 . (5.1) 

The fundamental group of is 7ri(T^) = Z © Z Any element g G 7ri(T^) can be decomposed 
as 

= ® 7m'' a,b£Z , (5.2) 

where ^y^ and 7^/ are the generators of 7ri(T^), respectively the standard longitude and the standard 
meridian of T^; they corresponds to the following oriented curves in 

1l = (e'^ 1) < 6* < 27r 

7m = (1, e^^) < 6* < 27r . (5.3) 

The standard longitude and the standard meridian are shown in Figure 5.1. 

Roughly speaking, if one pictures as the surface of a doughnut, 7^ winds the hole one time 
and winds the interior one time. Clearly, neither 7^ nor can be continuously shrunk to a 
point; moreover, 7^ cannot be continuously deformed to 7m- 
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1m 

Figure 5.1 



In general, given a continuous map / : 5^ — > T^, its homotopy class [/] is represented by two 



integers with sign |2S]; that is 

[/] =11® li = (a, b) . (5.4) 

Is not difficult to show that if if is a knot in and 

[K] = (a, b) , (5.5) 

then a, b must be coprime. It also can be shown that a knot K in T'^ is essential, i.e. homotopically 
non-trivial, if and only if [K] ^ (0,0). 

Let us introduce two important self-homeomorphisms of |23|. The longitudinal twist is 
defined as 

hL^e^'^e^'^) = (e*(^i+^^), e*^^) . (5.6) 
The meridinal twist is defined as 

%/(e'^Se^'^) = (e^^S e^(^^+^^)) . (5.7) 
Clearly, the corresponding inverse maps will be given by 

hll(e''\e''A = (e''\e'(-''~'^A . (5.5 



The effects of the longitudinal and meridinal twists on the homotopy class of a map / : ^ 
can be easily derived 



[fK 


= hL* 


[ll®lli 


[f]hM 


= ll 


® 7^^^ 




(a- 

= Tl 


""^ e i\, 




= ll 


© 7£-^ 



(5.9) 



5.3 The mapping class group of the torus 
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The action oi h^, Km on [/] is represented by 2 x 2 matrices 

(a, h) ^ (a, = (a, 6) ( } ? ) , (a, = (a, &) ( ii ? ) , 

(a, 6) (a, 6),,, = (a, 6) ( J } ) , (a, 6),-^. = (a, 6) ( J ) . (5.10) 

The standard longitude can be mapped into the standard meridian by a sequence of twists 

(0, 1) = hL*-^hM*{l, 0) , 

hh^hu = hL'^hu ■ (5-11) 

The ambient isotopic class of a knot in is determined by its homotopy class as stated by the 
following theorem: [23| 



Theorem 5.1 I Given two knots J, K ^ T^, they are ambient isotopic if and only if [J] 



±[K]. 

5.3 The mapping class group of the torus 

Given a manifold M, the group of self-homeomorphisms, modulo an ambient isotopy, is called the 
mapping class group of M. Let us consider the case M = T"^. Any homeomorphism h : T"^ ^ T"^ 
acts naturally on the elements of vri (T^) represented by (a, b) as 

(a, b) ^ (a, b)h = h* . (5.12) 

As we have seen, h* can be represented by 2 x 2 matrix whose elements belong to Z, i.e /i* G GL{2, Z). 
On the other hand, because also h~^* = h*^^ must be in GL(2, Z), it follows that det(/i*) = ±1. 
Any element of GL(2,Z) can be written as a product of the following matrices 

hh = {I I) , = ( } § ) , = ( ? J ) • (5.13) 

The map * gives a homomorphism between the group of self-homeomorphisms Aut(T^) of and 
GL(2,Z) 

Aut(r2) A GL(2,Z), . (5.14) 

The map * is surjective and its kernel is non-trivial and consists of the elements of Aut{T'^) homo- 
topically equivalent to the identity map; these elements corresponds under * to the identity matrix 
in G-L(2,Z) ||2^. When all the elements of Aut(T^) homotopically equivalent to the identity map 
are identified, the kernel of * become trivial, and the group of Aut(T^), modulo ambient isotopy, 
is isomorphic with GL(2,Z)^. Conversely, the maps homotopically equivalent to the identity cor- 
responds under * to the identity matrix in GL(2, Z) |^3|. Thus, the group of Aut(r2), modulo an 
ambient isotopy, is isomorphic with GL(2,Z). In other words the mapping class group of is 
isomorphic with GL(2,Z). 

5.4 Sohd torus 

Solid tori are the basic objects in Dehn's surgery. A solid torus y is a 3-manifold homeomorphic 
with X D^; its boundary is a torus. The fundamental group of V is Z. In x D^, the standard 
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meridian of becomes homotopically trivial, only the standard longitude survives as a generator 
of TTiiV). A point p in S"^ X can be represented by the triple 

< 6*1, 6*2 < 27r . (5.15) 

where p and 02 are standard polar coordinates on the complex plane and is embedded in it. 
A meridian ^ is a simple closed curve which is essential in dV but homotopically trivial in V. 
A longitude A is a simple closed curve in V which intersect a meridian transversally. The actual 
realization of topology of a solid torus V is described by a homeomorphism hf^ '■ x V 
called framing of V [^^. Given a framing hfr, a longitude A is naturally identified: the simple 
closed curve in dV = 

A = hfril) , (5.16) 

where I C x is the curve defined as 

/ = {(e^^S l) ; < 01 < 2^} . (5.17) 

Clearly, the definition of a longitude make use of the actual realization of the topology of the solid 
torus as specified by the homeomorphism h. On the contrary, the notion of meridian is intrinsic to 
V; indeed, given two meridians of V it can be shown that they are ambient isotopic. 

In general, given a knot in a manifold M, a tubular neighborhood of -fT is a homeomorphism 
htub defined by 

htub. iS\ I) = KCM . (5.18) 

In other words, any knot in M can be imagined as contained in a solid torus V as shown in Fig. 
5.3, the embedding of V in M depends on K. The image of the "component" under htub, see 
Eq. (|5.18| ) , represents the core of the solid torus V embedded in M and coincides with the knot K 
as shown in Fig. 5.2. 




Figure 5.2 



Let us consider a knot C in and its tubular neighborhood N C S^. Given a framing hjr of 
A^, hfr defines a framing Cj for C by the "natural" longitude associated with hfr, i.e. 

Cf = hfr {S\ 1) . (5.19) 



5.4 Solid torus 
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Conversely, given a framing Cj of C, as introduced in Chap.l, a framing hjr of the tubular neighbor- 
hood of C is defined. Indeed, once the orientation of C is chosen, the linking number between C 
and Cf fixes the framing hjr of N up to an ambient isotopy. In particular, when the linking number 
between C and Cj ox between C and hfr [S^, l) is vanishing the framing is called preferred. By 
means of hfr, one can introduce a canonical set of generators for TTi{dN) called the Rolfsen basis. 
First of all, an orientation to C is given. The first generator will correspond to longitude A defined 
in ( 5.16| ), where hfr is a preferred framing of A^; the orientation of A is induced by C. The second 



generator will correspond to the meridian 

H = hfr (l, dD^) . (5.20) 
The orientation of the meridian is chosen in a such way that 

Yk{n, A) = 1 . (5.21) 
The Rolfsen basis for the tubular neighborhood of an unknot is shown in Fig. 5.3. 




Figure 5.3 



Given a solid torus N, a homeomorphism h : dN dN can be extended to a self homeomor- 
phism h' : N ^ N, if and only if the image of a meridian of dN under h is still a meridian of dN 
p3| . A homeomorphism H which satisfies this property is represented by an element h* G SL{2, Z) 
of the mapping class group of dN, and it is of the form 

/i* = ( J ^ ) n G Z . (5.22) 

Thus, the self-homeomorphisms of dV which can be extended as self-homeomorphisms of V are 
precisely sequences of meridinal twists /im described in Sect. 5.2. The extensions f+ and f_ of 
respectively hM and of its inverse hM~^ on x admit the following presentation in terms of 
the coordinates ( 5.15| ) 



T± = f±{e''\re''A = (e^'\re'^'^^^'^) . (5.23) 



Now, let us consider the tubular neighborhood A^ of a knot C and a preferred framing hfr of A^, 
i.e. hfr ■ X — > A^. The right-handed twist r+ and the left-handed twist t_ on A^ are obtained 
by the following composition of homeomorphisms 

T± = hfr ■ f± - hfr^^ . (5.24) 



70 



Dehn's surgery 



In the next section we shall see that rj- are crucial in the Dehn's surgery; in particular, a distin- 
guished role is played by the action of t± on the solid torus S'^ — N obtained from by removing 
the internal points of the tubular neighborhood of an unknot U d S^. It should be noted that with 
respect to the role of A and ^ m. — N are exchanged. Actually, the curve ( 5.16D is a meridian 
of S*^ — and the curve ( ^.20| ) is a longitude of S'^ — N . The effect of a right-handed (left-handed) 
twist on sample knots without framing \n S'^ — N depicted in Fig. 5.4 is shown in Fig. 5.5 and in 
Fig. 5.6. The effect of a right-handed twist on the same knots of those of Fig. 5.4, now considered 
with preferred framing, is shown in Fig. 5.7. 



U 




Figure 5.4 



U 




Figure 5.5 



In general the effect of t± on the framing of a knot K contained in — N is the following |2 

\k{K\K'j) = lk{K,Kf) ± [x{K,U)f , (5.25) 
where K' and Kj are the images of K and Kj under t±. 



5.5 Dehn's surgery 

In this section we recall some basic definitions of surgery on three-manifolds. Let us consider surgery 
operations in S*^. A Dehn's surgery performed along a knot Z in consists of 

• removing the interior , of a tubular neighborhood N of the knot Z, from S^; 

• considering S"^ — N and N as distinct spaces whose (distinct) boundaries d{S'^ — N) and dN 
are tori; 
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U 




Figure 5.6 



U 




Figure 5.7 



• gluing back N and S"^ — iV by identifying the points on their boundaries dN and d{S^ — N) 
according to a given homeomorphism h : dN — > 9(5'^ — A^) . 

The knot Z and the "gluing" homeomorphism h completely specify the surgery operation and the 
resulting manifold is denoted by 



M = (S^-N) [J N 



(5.26) 



Actually, the manifold ( 5.26| ) depends [^], up to homeomorphisms, only upon the homotopy class 
of /i(/u) in d{S'^ — N), where is a meridian of N. The surgery is then characterized by the knot 
Z and by a closed curve Y G dN representing h{fi). The convention, introduced by Rolfsen [p^j, 
which is used to codify the surgery instruction is the following. The class [Y] £ tti (dN) is written 
as 



[Y] = a-[X] + b-if,] 



(5.27) 



where the generators A and fi are the longitude and the meridian of a Rolfsen basis 37 1 in ON. 
Since y is a knot in dN, the integer coefficients a and b appearing in eq.(2.2) are relatively prime. 
The ratio 

_ b 
a 

is called the surgery coefficient. In conclusion, the surgery instruction is simply specified by the 
knot Z in and by the rational surgery coefficient r. 



(5.28) 



72 



Dehn's surgery 



The knot along which surgery is performed, is not oriented and Y also is not oriented. 
Therefore, in a fixed Rolfsen basis, the coefficients a and h appearing in (5.27) possess an overall 



ambiguity in their signs, depending on the choice of the orientation of Y . Similarly, for a fixed 
orientation of Y ^ a different choice of the Rolfsen basis modifies both signs of the coefficients o 
and h. This ambiguity does not affect the resulting manifold obtained by surgery and, in fact, this 
ambiguity disappears in the surgery coefficient r. 

When a = 0, necessarily 6 = ±1 and the surgery coefficient is indicated by r = oo. In this 
case, y is a meridian of A^. This means that the image, under the gluing homeomorphism /i, of the 
meridian /i of is ambient isotopic with /i itself. Therefore, the resulting manifold is just . In 
conclusion, the surgery instruction specified by an arbitrary knot Z with surgery coefficient r = oo 
corresponds to the identity. 

Clearly, the surgery operation of removing and sewing a solid torus can be repeated several 
times. Therefore, a general surgery instruction consists of an unoriented link £ in S"^ , called the 
surgery link, with given surgery coefficients { } assigned to its components { >Ci }. 

For example, when L is the unknot with surgery coefficient r = 6/a, the resulting space is 
homeomorphic with the lens space L(6, a). In particular, the unknot with surgery coefficient r = 
corresponds to x S^. If £ coincides with the Borromean Rings with all the surgery coefficients 
equal to +1, the resulting manifold is the icosahedral space or Poincare manifold V . The Borromean 
Rings with surgery coefficients rj = 0, for i = 1,2,3, represent x x S^. 

Different surgery instructions do not necessarily correspond to different manifolds. To be more 
precise, two manifolds associated with different surgery instructions are homeomorphic if and only 



if the two surgery instructions are related [23, |3^] by a finite sequence of Rolfsen moves. 

A Rolfsen move of the first type is quite obvious: it states that one can add or eliminate a 
component of the surgery link C with surgery coefficient r = oo. A Rolfsen move of the second 
type describes the effects of an appropriate twist homeomorphism t± acting on a solid torus which 
contains part of the surgery link. Let £ be a surgery link in which one of its components, say £i, is 
the unknot with surgery coefficient ri . This means that all the remaining components { Cj } (with 
j 7^ 1) of £ belong to the complement solid torus Vi of £i in S^. Under a twist homeomorphism 
T± of Vi, the component £i is not modified, i.e. £'^ = £i. The remaining components {Cj } are 
transformed under the twist t±, t± : Cj — > C'j, according to the rules illustrated in the previous 



section (see also |23|). Furthermore, the surgery coefficients also are modified. One can show |23] 



that the new surgery coefficients are 

1 



' (i/n) ± 1 

and 



(5.29) 



rj = r,±[lk(£„£i)]2 for j/1 , (5.30) 

where lk(£j,£i) is the linking number of Cj and £i. Thus, we have two surgery instructions which 
are described, respectively, by 

(i) the surgery link £ with surgery coefficients {ri} ; 

(ii) the surgery link £' with surgery coefficients { r/ } . 

The surgery instructions (i) and (ii) are said to be related by a Rolfsen move of the second kind 
and describe homeomorphic manifolds. 

For example, the three surgery instructions shown in Fig. 5. 8 describe the manifold S'^ x S^. 
The first and the second instructions are related by a Rolfsen move of the second kind, whereas the 
second and the third instructions are related by a Rolfsen move of the first kind. 
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Figure 5.9 



The surgery instructions, shown in Fig. 2. 2, are related by Rolfsen moves and correspond to the 
Poincare manifold V. 

Two different surgery instructions, which are related by a finite sequence of Rolfsen moves, are 
called equivalent. The set of all possible surgery instructions can be decomposed into classes of 
equivalent instructions and a function defined on these equivalence classes is called a three-manifold 
invariant. 

It should be noted that finite sequences of Rolfsen moves actually correspond to the set of 
orientation-preserving self-homeomorphisms of a given three-manifold. If we wish to include self- 
homeomorphisms which are not orientation-preserving, we simply need to add the inversion of S"^ 
(or mirror-reflection) as an admissible move. 

Let M be the manifold described by the surgery link C. The ambient isotopy class of a given 
framed oriented link in M will be represented by a framed oriented link L in the complement of C 
in S-\ 

Lickorish's (or Fundamental) Theorem ||3^ states that every closed, orientable and connected 
three-manifold can be obtained by surgery in S^; moreover one may always find such a surgery 
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presentation in which the surgery coefficients are all ±1 and the individual components of the 
surgery link are unknotted. Let us denote by 5+ and S- the elementary surgery operations in 
corresponding to the instructions described by the unknot U in with surgery coefficient r = +1 
and r = — 1 respectively. The three-manifold obtained according to a single surgery instruction 5+ 
or S- is homeomorphic with S^. By combining several surgeries S±, any three-manifold M can be 
obtained. 



Let us introduce the so-called "honest" surgeries |2^, ^] . It is not difficult to prove that one 
can always find a "honest" surgery presentation of a given three-manifold: this simply means that 
all the surgery coefficients {r,} are integers. When the ratio r, appearing in eq.( 5.28| ), is an integer, 



one can take a = 1 and 6 = r in eg. ( 5. 27 ). In this case, the curve y is a longitude of N and can be 
interpreted as a framing of the surgery knot Z. The linking number lk(^, Y) of Z and Y is given 
precisely by the coefficient b, see eq. ( |5.27|) , and then 

lk{Z,Y) = r . (5.31) 

Therefore, a surgery link C with integer surgery coefficients {r^} can be represented by a framed 
link £ in which the linking number of the component £j and its framing Cif is equal to r^. 

Let us now consider the set of all possible instructions corresponding to "honest" surgeries. Two 
such different instructions describe homeomorphic manifolds if and only if they are related [4] by a 
finite sequence of Kirby moves. A Kirby move is the analogue of a Rolfsen move and can be defined 
as follows. Suppose that one component, say £i, of £ is the unknot with framing Cif such that 
Ik{Ci, Cif) = ±1. Then, this component can be eliminated provided that we perform a twist r^z on 
the complement solid torus Vi of Ci in S^. In general, let us consider a Kirby move when a real 
link L is also present in the manifold M. In this case, the twist Tzf of solid torus Vi clearly acts on 
all the remaining components of C and, simultaneously, on the link L. 

By using eqs.( 5.2g| ) and ( |5.30| ), entering the definition of the Rolfsen moves, and the transforma- 



tion property [23| of framings under twist homeomorphisms, it is easy to prove that the invariance 



under Kirby moves is in fact equivalent to the invariance under Rolfsen moves. 



Chapter 6 
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6.1 Elementary surgeries 

In order to solve the CS theory in a generic three-manifold M, we need to compute the expectation 
values of Wilson line operators in A^. As we have already mentioned, each link in M can be 
represented by a link in the complement of C in S^, where £ is a surgery link corresponding to 
M. According to Lickorish's Theorem, C can be taken to be a collection of unknots with surgery 
coefficients ±1. Thus, we only need to consider the effect of a single elementary surgery operation 
5+ or S-. 

The surgery instruction associated with S± is represented by the unknot U in with surgery 
coefficient r = ±1. Prom the invariance under Kirby moves, it follows that (S-) can be inter- 
preted [^] as the generator of a left-handed twist r_ (right-handed twist r+) in the complement 
solid torus of U in S^. Therefore, for any given framed link L in the complement of U in S^, the 
action of 5-i- is given by 

S± : L ^ , (6.1) 

where L^^^ is the image of L under a twist homeomorphism t^z of the complement solid torus of U 
in S^. So, under surgery S±, the observables of the CS theory transform as 

S± : < W{L) > \s3 < W{L^^^) > I53 . (6.2) 



At this point, our strategy |37| is to find field theory operators W(U;zizl) which represent the 



surgery operations S± according to 

(W(lW))|53 ={W{L)W{U;±1))\s^ j ( l^^(C/; ±1) )|53 . (6.3) 

For the quantum CS field theory in S*^, with fixed integer fc, the physically inequivalent gauge 
invariant quantum numbers associated with a knot (or a solid torus) are given (see Chap. 4) by the 
elements of the reduced tensor algebra 7(fc) . Let us denote by { 'i/'j } the elements of the standard 
basis of , where the collective index i runs from 1 to the dimension of the reduced tensor algebra 
and denotes the identity element in 

Let us recall (see Chap. 2) that any gauge invariant observable ©(C) associated with the knot 
C admits a decomposition 

(^{C) = J2^'ip)WiC;x[p]) , (6.4) 
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where {S,'{p) } are numerical (complex) coefficients. In equation (|6.^), the sum is over the inequiv- 
alent irreducible representations of the gauge group. The Wilson line operators, entering eq.( |6.4| ), 
are defined for the knot C with a given choice of its framing and its orientation. For fixed integer 
k, different elements x[p] and x[p'] of the tensor algebra T do not necessarily represent physically 
inequivalent colour states. In terms of the physically inequivalent colour states, eq.(|6.4D becomes 



0{C) = Y,Cii)W{C;^Pi) , (6.5) 

i 

where {ipi} are the elements of the standard basis of the reduced tensor algebra 7(^) and the 
coefficients {C(0 } are linear combinations of {^'(p) }■ Therefore, the elementary surgery operators 
W{U;±1) can be written as 

W{U;±1) = Y,Mi)W{U;i;i) , (6.6) 

i 

where, in our convention, the unknot U has preferred framing and a fixed orientation. Now, our 
purpose is to determine the coefficients {(/'±(i) }• Let us consider a generic framed L which does 
not intersect U. This means that L belongs to the complement solid torus V of [/ in S^. According 
to eq.( |6.5[ ), W{L) can always be written as 

W{L) = Y,^ij)W{C■,^PJ) , (6.7) 
j 

where W{C;'ipj) is the Wilson operator associated with the oriented core C of V with preferred 

framing. Let L(=^) (C^^)) be the image of L (C) under a twist homeomorphism t± of V. From 
eq.(^77|) it follows that 

iy(L(±)) = 5^^(j)Ty(CW;Vi) . (6.8) 
j 

The vacuum expectation value of both sides of this equation gives 

{W{L^^^))y =J2^U)Q^'^^'^Eo[j] , (6.9) 
j 

where Q{j) is the quadratic Casimir operator of an irreducible representation of SU{3) which 
belongs to the class ipj and EqIJ] is the value of the unknot in with preferred framing and 
with colour state ipj. Expression (6^) has been obtained by taking into account the transformation 



property of the expectation values under a modification of the framing of the link components. 
If we denote by X± the expectation value 

A± = {WiU;±l))\s3 , (6.10) 

equation ( |6.3| ) takes the form 

j 

= E E^(-?')'^±«^^(^;V'i)w^(c/;^.))i53 , (6.11) 

j i 

where {W(C;ipj) W{U;ipi) )|g3 = Hij is the value of the Hopf link in with components U and 
C; both components U and C of the Hopf link have preferred framings and are coloured by ipi and 
ipj respectively. 
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The coefficients { 4>±{i) } must be chosen in such a way that eq.(3.3) holds for any link L. This 
means that eq.( |6.11 ) must hold for arbitrary coefficients {C(i)}- Therefore, for any j, {(p±{i)} 
must satisfy 



(6.12) 



The values { Hij } of the Hopf link are interpreted as the matrix elements of a symmetric matrix 
H called the Hopf matrix. By definition of the reduced tensor algebra, this matrix is non-singular 
and the linear system (6.12) determines the coefficients {(p±{i)} uniquely up to a multiplicative 
constant. Before working out the general case, we shall illustrate how to solve eq. (|6.12| ) in some 
simple cases. 



6.2 Elementary surgery operators for low values of k 

As examples, in this section we shall solve (|1|) for G = SU{3) and A; = 1,2. When k = 1, the 
reduced tensor algebra is of order three (see Sect. 4. 2. 4); the elements of the standard basis of T(i) 
are denoted by { ^'[0], 1] } where ^[0] is the unit element. In this case, eq.( |6.12| ) takes the 

form 

(l e¥ e^] ( 0±[l) 1 = A± f e±2W3 ] . (6.13) 
The solution of this system is 



0±(O) = ±^A± , 

'^'±(-1) = 0±(1) = ±-^A±eT^2./3 (6.14) 

The solution of eq.( 6.13| ) depends on the parameter X± linearly; the (non- vanishing) value of X± 
is free and the vacuum expectation values of the observables will not depend on it. For later 
convenience, we fix X± to be 

With this choice, the elementary surgery operators are 

W{U;±l) = iy([/;^±) , (6.16) 

where U has preferred framing and 

= _L (^^[0] +eT^27r/3^[;L] ^gT^27r/3^[_^^ _ (6.17) 

When k = 2, the reduced tensor algebra 7(2) is isomorphic (see Sect. 4. 2. 3) with 7(i) and the Hopf 
matrix is the complex conjugate of the matrix shown in eq.( |6.13 ). Consequently, one has 

^-i = ^[0] + e^^2V3^[i] + e^i2V3^[_i] ^ _ (6.18) 

For k = 3, the reduced tensor algebra is of order one; the basis element ^'[0, 0] can be represented by 
the element x[0) 0] of T corresponding to the trivial representation of SU{3). When k = 3, surgery 
is realized in a trivial way because the elementary surgery operators coincide with the identity. 
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When fc = 4, the reduced tensor algebra T(4) is of order three with basis elements 

V'l = ^-[0,0] , ^1^2 = ^[1,0] , V's = ^-[0,1] , (6.19) 

where { ^'[0, 0], ^'[1, 0], ^'[0, 1] } correspond (see Sect. 4 ) to the three points of the fundamental 
domain A4. 



Eq.( 6.12| ) takes the form 



1 e¥ \ i tt[^ 1 = A± f e±2W3 \ . (6.20) 



The solution of eq.( |6.20 ) is 

*± = ^ ( V'l + e^^2V3^2 + 6^^2-/3^3 ^ _ (6.21) 

It is clear that, for every fixed value of k, the computation of the elementary surgery operators 
W{U]^1) is straightforward. The main task of this chapter is to produce the general expression of 
W{U; ±1) for any value of k. This will be the subject of the next section. 

6.3 General expression for elementary surgery operators 



In this section we shall determine the general solution of system ( 6.12| ), which defines the elementary 



surgery operators, under the assumption that the reduced tensor algebra associated with the gauge 
group G is regular (see Sect.4.1). 

In order to construct the elementary surgery operators, we need to prove the following Lemma. 



^emm^^^^J Let be a function on 7^^) ®T(j.y Then, one has 

^^iV,„, = ^^N.rm H^,f) ■ (6.22) 



« 3 



Proof. Since * is an automorphism of and the index j is summed over the whole algebra, the 
left-hand-side of eq.(|6.22|) can be written as 



« 3 



By using eq.( 2.11| ), one gets 



* 3 



and, by using again the freedom to replace i with i* in the sum, we have 



i ,j ) 



« 3 



3 « 



(6.23) 



(6.24) 



(6.25) 



which coincides with eq.( |6.22 ). 



□ 
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Let us recall that the elementary surgery operators W{U;±1) are written as 



(6.26) 



where a given orientation has been introduced for the unknot U with preferred framing. The 
coefficients { <j3±{i) } are fixed by the following theorem. 



Theorem 6.1 I When the reduced tensor algebra is regular, the elementary surgery opera- 



tors are given by cq.(|6.26|) with 



(6.27) 



a{k) 



1 



Moreover, with the normalization choice ( 6.28 ), one has 

A± = {W{U-±l))\s^ = 



(6.28) 



(6.29) 



Proof We need to verify that the coefficients shown in eq.(6.27) satisfy equation (6.12). The Hopf 
matrix H can be written (see Sect. 2. 3) as 



Q(m) 



Therefore, if one inserts the values ( |6.27D for { (/)+(i) } in eq.( |6.12| ), one finds 

A+ g-Q(^) E^[j ] = a{k) E ^^i™ l'"^^'^ ^"^^"^ ^oH Mi 

i m 

Since EqIi] = EqIi*] and Q{i) = Q{i*), by using Lemma 6.1 we have 



(6.30) 



(6.31) 



(6.32) 



On the other hand, as we have seen in Sect. 2. 3, the values of the unknot, for fixed integer k, give a 
representation of T^^^ in M. Consequently, 



E N^ji Eo[i] = Eo[m] Eo[j] 



Thus, equation (6.32) takes the form 

A+ = aik) E g«« Ei[i\ 



(6.33) 



(6.34) 



We are free to set A+ = e*^*" and a{k) real. Actually the numerical values of (t>±{i) and a{k) 
depend on the choice of the gauge group. Therefore, eqs.(6.28) and (6.29) are in agreement with 



eq.( |6.34| ). Clearly, the coefficients { 0-(i) } and A_ can be obtained by taking the complex conjugate 
of { (j)+{i) } and A+. □ 
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Since tiie Hopf matrix is invertible by definition of the reduced tensor algebra, the coefficients 



{ 4'±i'^) } are uniquely determined by eq.(6.12) up to an overall numerical factor. In this sense, the 
solution ( |6.27 ) is unique. Our normalization choice ( |6.28| ) will simplify our subsequent discussion 
on Kirby moves but has no influence at all on the expectation values of the observables. 

As we have mentioned in Sect. 5. 3, surgery links C are not oriented. On the other hand, in the 
definition ( |6.26D of the elementary surgery operators VF(C/; ±1) we have introduced an orientation 
for the unknot U. Since W{U;±1) represent the elementary surgery operations S±, the particular 
choice of this orientation must be irrelevant; let us now verify that this is really the case. Let us 
recall that, in general, if the oriented not C has colour ipi, a modification of the orientation of C 



is equivalent to replace V'i with ipi* (see Sect. 2.1). Now, the coefficients { 4>±{i) } given in eq.( |6.27 ) 



verify the equality 0±(«) = 4'±{^*)- Consequently, if we modify the orientation of the unknot U in 
eq.( |6.26 ), the associated operators W{U;±1) are not modified. Thus, the particular choice of the 



orientation of U in eq.( 6.26 ) is totally irrelevant; as it should be. 



6.4 Surgery rules 

In this section, we shall give the surgery rules in the quantum CS field theories with gauge groups 
G = SU{2) and G = SU{3). We shall also discuss the invariance under Kirby moves of the results 
obtained according to these rules. 

As we have shown in Chap. 4, for fixed integer k the physically inequivalent colour states associ- 
ated with a knot are described by the elements of the reduced tensor algebra '^(k)- I^i Chap. 4 we have 
also given, for each integer k, the correspondence rules between the elements of T and the elements 
of Therefore, for fixed integer k, we only need to consider the complete set of observables 

consisting of Wilson line operators associated with framed oriented links whose components have 
colour states given by elements of T^^f.) ■ 

Let us briefiy summarize the results of Sects. 6. 2 and 6.4. The elementary surgery operators 
W{U ; ±1) are given by 

W{U;±1) = W{U;'^±) , (6.35) 
where the unknot U has preferred framing and 

^± = a(A:)^(?±«»i?o[^]V'^ • (6-36) 

i 

In eq.( |6.36| ), the sum runs over all the elements of The calculation of the explicit values of 

a{k) and of A+ = e**^ is presented in App.C. When the gauge group G is SU{2) , is given by 

ill 

f 1/^/2 k = 1 
jek - / exp (-i7r/4) k = l 

^ ~ 1 exp [iTT2,{k - 2)/{Ak)] k>2 ; ^^-^^^ 



whereas, when G = SU{3) , one has ||3^, pq 



''^''^ ~ ^ 16cOs{7T/k)liSi7T/k)/{kV3) fc>3^'^. ^^-^^^ 

{exp (i7r/2) k = 1 

exp (-i7r/2) k = 2 (6.40) 

exp (— i67r/A;) k>3 . 
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Eg. ( 6.12 ) can be interpreted in the following way. The action of W{U;±1) on the element ipj 
of the reduced tensor algebra '^(A:), associated with the core of the complement solid torus of U in 
S\ is 

W{U;±1) : il^j e^^'^g^^^^') Vi , (6.41) 
Eq.(6.41) shows that, apart from the overall phase factor e^**^, W{U;±1) are the generators of 



twist homeomorphisms Tip of the complement solid torus of U in S^. Since these phase factors are 
constants (i.e., do not depend on the particular colour state under consideration), their presence in 
eq.( |6.41| ) is completely harmless. In fact, by introducing the correct vacuum normalization in the 
expectation values, as shown in eq. (|6.3|) , these phase factors cancel out. 

By means of eqs.( 6.35| )-( 6.4lD , we can now compute explicitly the expectation values of Wilson 



line operators for the CS theory defined in any orientable, closed and connected three-manifold M 
when the gauge group is SU{2) or SU{3). We shall firstly consider the surgery rules in the case 
in which the surgery instructions have the form specified by the Fundamental Theorem. Then, we 
shall give the surgery rules corresponding to a generic "honest" surgery. 

According to Lickorish's Theorem, Ai has a presentation in terms of Dehn's surgery in S^. 
Moreover, it is always possible to find a surgery description of Ai corresponding to a surgery link £ 
in which all its components {Ca} (with 1 < a < p) are simple circles and have surgery coefficients 
{va} equal to +1 or —1. 

Since we know how to represent in the field theory the elementary surgery S±, associated with 
each single component of C, we can construct the operator W{C) representing the whole surgery. 
Indeed, for each component Ca, we shall introduce a preferred framing consider the operator 

W{Ca;ra), as defined in eq.( 5.35| ). The field theory operator W{C), associated with the whole 



surgery C, is [37| 



W{C) = fl W(Ca]ra) . (6.42) 

a=l 

Let -L be a given framed link in A^. As we have already mentioned, the isotopy class oi L G A4 can 
be described by a link (that we indicate by the same symbol L) in the complement of C in S^. 
Following the approach of Sect. 6. 2, the expectation value ( W{L) )\_\4 is defined to be |37] 

E{L)m = {W{L)}\m = • (6.43) 

{Wi£))\ss 



By means of the surgery rules ( 6.42 ) and ( |6.43D , one can compute the expectation values { ( W{L) )\m} 



in any orientable, closed connected three-manifold Ai. The origin of the expectation value of the 
surgery operator in the denominator of ( |6.43| ) is two fold. Firstly, it provides a natural extension of 
the link invariant E{L)g3 in Ai. From ( |6.43|) , it follows that when the link L can be embedded in 
a three bah C M then 

Lc CM^ E{L)m = E{L)g3 . (6.44) 

Indeed, the situation L C i?^ C Ai corresponds to the following factorization of the surgery operator 

{W{L)W{C))\ss = {W{L)) {W{C))\ss . (6.45) 

Secondly, the presence of {W{C)) in the denominator, can be understood as the effect of the modi- 
fication of the vacuum to vacuum Feynman diagrams with respect of S"^ . 

In order to discuss the invariance under Kir by moves, it is convenient to give the surgery rules 
which correspond to "honest" surgeries in general. 
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Any "honest" surgery is described by a surgery hnk £ whose components {Ca} have integer 
surgery coefficients {r^}. In this case, each single component Ca is not necessarily ambient isotopic 
with a simple circle, of course. For each component Ca, we shall introduce a framing Caf such that 
the linking number of Ca and Caf satisfies 



lk{Ca,Caf) = ra 

Then we shall consider the Wilson line operator 

W{Ca;^o) , 



(6.46) 



(6.47) 



which is associated with the framed component Ca with framing Caf specified in eq. ( lelel) . The 
element ^'o (surgery colour state) is given by 

^-0 = a{k) Eo[i]^i ■ (6.48) 



It should be noted that the framing choice ( |6.46D is different from the preferred framing convention 
which is used in the definition ( 6.35| ). Under a Kirby move, the integer surgery coefficient r^, 
associated with a link component Ca, transforms as the linking number lk{Ca, Caf)- For this reason, 
the framing choice ( 6.46 ) has an intrinsic meaning. The information carried by the integer surgery 
coefficient is now encoded in the framing of the component Ca and, consequently, the colour state 
^'o of any surgery component is universal. 



Theorem 6.2 



The surgery operator, corresponding to the "honest" surgery described by 



C = {Ca} with integer surgery coefficients {ra} (with 1 < a < p), is 



WiC) = il WiCa;^o) 



(6.49) 



a=l 



where is displayed in eq.(6.48). The expectation value {W{L))\^ is given by 



{W{L))\m 



{W{L) W{C))\s3 



{W{C))y 

The results obtained according to eq.( |6.50| ) are invariant under Kirby 



(6.50) 



moves. 



Proof. By using the covariance properties of the expectation values of the Wilson line operators 
under a change of framing (see Sect 2.), it is easy to verify that, when all the components {Ca} 
are simple circles and the surgery coefficients {ra} are equal to +1 or —1, eq.( 6.5C| ) coincides with 
eq.( |6.43 ). In order to prove the consistency of eq.( 6.50 ), we need to demonstrate that the results 
obtained according to eq.( |6.5ClD are invariant under Kirby moves. 

Let C be the instruction corresponding to a given "honest" surgery. Suppose that one component, 
say Ci, of £ is a simple circle with surgery coefficient ri = ±1. All the remaining components of 
C and the given link L belong to the complement solid torus Vi of Ci in S*^. As we have stated 
above, W{Ci ; ^o) is equivalent to W{Ci ;±1). Consider now the numerator and, separately, the 
denominator of the expression ( |6.50| ). From eq.( |6.41 ) it follows that Ci can be eliminated provided 
that we perform a twist homeomorphism of Vi and, simultaneously, we multiply by the phase 



factor e^*"^. This phase factor cancels out in the ratio ( 6.50| ); therefore, only the effects of the twist 



homeomorphism T^f are relevant. Under this twist, L is accordingly modified into its homeomorphic 
image, as it should be. The same happens with the remaining components of £. It remains to 
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be verified that the new surgery coefficients {r^} (with b ^ 1) have the correct values displayed in 
eq.(2.5); as a consequence of the transformation properties of framings under twist homeomorphisms 
(see Sect 5.4), this is indeed the case. 

In conclusion, the results obtained by means of the surgery rules (|6l9| ) and (gl^) are invariant 



under Kirby moves. On the other hand, with an appropriate sequence of Kirby moves, any "honest" 
surgery instruction can be transformed into an equivalent surgery instruction of the type specified 
by the Fundamental Theorem. In this case, expressions ( 6.50| ) and ( |6.43| ) coincide and this concludes 



the proof. □ 

With our definition of the elements ^± shown in eq.(6.2), can be obtained from by means of 
two elementary changes of framing. This is the main reason for our choice on their normalization. 

Prom the previous discussion on the Kirby moves, it is clear that the presence of the phase 
factors e^^'^ cannot be avoided. To be more precise, whatever the normalization of is, the 



numerator (and, separately, the denominator) of the expression (6.50) is not invariant under Kirby 
moves. (The ratio ( |6.5[1| ) is invariant under Kirby moves, of course). In other words, a projective 
representation of the group of twist homeomorphisms of solid tori is realized on the state space of 
the CS theory. 

When (1^(£))|_53 / the expression (6.12) is well defined. The expectation value {W{C))\g3 
gives information on the three-manifold Ai, associated with the surgery link C in S^, and depends 
on the value of the coupling constant k. For fixed Ai, {W{C) )\g3 may vanish when k takes values 
on a certain set of integers; in this cases, eq.(6.12) is not well defined. Let us recall that, in general, 
the internal consistency of the quantum CS theory defined in puts some restrictions on the 
possible values of k. It is natural to expect that ( W{C) )\s3 vanishes for precisely those values of k 
for which the quantum CS theory is not well defined in M. 

6.5 General properties 

In this section we shall focus our attention on some general aspects of the construction of the 
elementary surgery operators presented in the previous sections. Moreover, we shall give another 
derivation of the solution ( |6^ ), ( |6^ of (^J^. 



Even if the numerical results are different for different gauge groups, the underlying algebraic 
structure is universal. It is remarkable that this universal structure is not a peculiarity of topological 
quantum field theory but appears also in all the different approaches |4^, to the newly 

discovered three-manifold invariants. Thus, before considering explicit applications of the surgery 
rules in the SU{3) CS field theory, we would like to present here some general results concerning 
the construction of Dehn's surgery operators. 

Let us consider the CS field theory with compact simple Lie group G. For generic values of 
the coupling constant k, the expectation values of the Wilson line operators are finite Laurent 
polynomials in a certain power of the deformation parameter q = exp(— i27r/A;). By construction, 
for any fixed link with n components, these expectation values are multi-linear functions on T®"', 
where T is the tensor algebra (or complexification of the representation ring) of G. As we have 
learned in Chapt.4, for fixed integer k, a complete set of gauge invariant observables is represented 
by the set of Wilson line operators associated with framed oriented links whose components have 
colour states given by elements of 7^^). In the considered examples where G is a unitary group, 7(fc) 
turns out to be of finite order. It is natural to expect that 7(fc) is of finite order also for a generic 
(simple compact Lie) group G. In what follows, we simply assume that this is indeed the case. 

For generic values of k, the generalized satellite relations |2.32 are written in terms of the elements 



of T. For fixed integer k, these relations can be expressed in terms of the elements { V'i } of the 
standard basis of Tf^k)- I^o^' example, consider the knots Ci and C2 in the solid torus V which 
coincides with the complement of the unknot U in 5^, as shown in Fig. 6.1. Let these knots have 
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preferred framings and colours tpi and Tpj belonging to T^^k)- The product W{Ci;ipi)W{C2]ipj) of 
the associated Wilson line operators admits the decomposition 

W{Ci;^Pi)W{C2;tl^j) = Y.N,,mW{Cr,4^m) , (6.51) 

m 

where { Nijm } are the structure constants of T(^). 

At this point, one should construct the surgery operators W{U;zizl) which are determined by 
eqs.( |6.6D and ( |6.12| ). Clearly, the Hopf matrix H entering eq.( ]6.12 ) depends on G; nevertheless, we 



shall show that the solution of eq.( 6.12| ), namely the form of W{U; ±1), does not depend on G. The 



proof is based exclusively on the topological properties of surgery; in particular, we will not use the 
structure of the Hopf matrix. 




Figure 6.1 



Let us consider the set of "honest" surgeries. Each surgery of this kind can be described by 
a framed unoriented link C = {Ca} in S^; we use the standard convention in which each surgery 



coefficient is given by the linking number of the component Ca and its framing , eq. (|6.46D . As 



we have already mentioned, with the choice ( 6.46| ) of framing, the surgery operators are characterized 



by a universal colour state ^'o, see eq. (|6.47 ). The statement that the form of W{U;±l) does not 



depend on G is equivalent to the statement that ^'o has the structure given in eq. (|6.48| ). 



Theorem 6.3 I Let us assume that the reduced tensor algebra T(^^,-^ in the Chern-Simons 



theory with compact simple Lie gauge group G is regular (see Chapt.4)- The surgery operator 
W{C), which is associated with the surgery link C = {Ca} with integer surgery coefficients { } 
and framings specified by eq.( |6.46 ), is given by eq.( |6.49D with 

^0 = a{k) EM i^i , (6.52) 

i 

where a{k) is a non-vanishing normalization factor. 

Proof First of all we note that, in the computation of the expectation values ( |6.50| ), the particular 
value of the normalization factor a{k) is irrelevant. (The natural choice for the value of a{k) will 
be described in a while.) 

Since the element G T(^k) does not depend on the particular form of the surgery link £ G 5^, 
^'o must be determined by general topological properties of surgery. In order to describe these 
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properties, we need to disentangle the action of a generic surgery operation, which is defined inside 
a sohd torus V, from the particular embeddings of this solid torus in S^. To be more precise, let 
us represent the solid torus V by the complement of the unknot U in S"^; we shall denote by K 
the framed core of V with preferred framing. Suppose that K represents the surgery instruction 
corresponding to the "honest" Dehn's surgery with surgery coefficient r = 0. Then, each framed 
component Ca of a surgery link £ in can be understood to be the image h'^{K) of K under the 
homeomorphism /i^ which has been defined in Sect. 2. 2. 

Since the element ^'o does not depend on /i*, in order to find we only need to consider the 
surgery operation described by K in V . By definition, this surgery consists of removing a tubular 
neighbourhood N oi K m.V and sewing it back in such a way that a meridian of is mapped into 
the curve Y which is shown in Fig. 6. 2. 



Since a meridian of N bounds a disc (standardly embedded in a three-ball), the knot Y shown 
in Fig. 6. 2 is really ambient isotopic with the unknot (simple circle) contained inside a three-ball. 
Clearly, if the knot Y is framed, then Y is ambient isotopic with the unknot with preferred framing. 
This is the desired property which characterizes completely the surgery operation described by K 
in V. 

Now we would like to represent this surgery by a Wilson line operator W{K; ^q) which is 
defined for K with preferred framing. As we have already mentioned, a given orientation for K is 
also introduced, but the final results will not depend on the choice of this orientation. Suppose that 
a Wilson line operator 1^(1"; ipj) is associated with the knot Y which is oriented and has preferred 
framing. Since Y is ambient isotopic with the unknot (contained inside a three-ball) with preferred 
framing, the Wilson line operator W{Y;ipj) simply gives the contribution £^o[i]- Therefore, the 
element must be determined in such a way that, inside the solid torus V, the insertion of 
VF(y; ipj) (with arbitrary ipj) is equivalent to the multiplication by £'o[ j ]. We shall now verify that 
the element ^'o, given in eq.( |6.52| ), has precisely this property. 

Let us consider the product W{K;'i!Q)W{Y;il>j) of the two Wilson line operators associated 
with K and Y inside the solid torus V. By using the decomposition ( |6.5lD , one finds 




Y 



Figure 6.2 




(6.53) 



m 



and, by means of Lemma 6.1, one obtains 




(6.54) 



m 
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Since the values of the unknot give a representation of T(^k)^ the relation ( |6.33| ) is valid; moreover, 
-BqI^*] = -E'oH- Therefore, eg. ( 6.54 ) takes the form 



W{K-^^)W{Y-i,^ 



m 

Eo[j] W{K-^o) . 



(6.55) 



This equation holds for any il^j G Therefore, eq. (|6.55| ) shows that the operator W{K; ^'o), with 
^'o given in eq.( 6.52| ), represents the surgery operation which is described by the surgery knot K 
with surgery coefficient r = 0. 

In order to prove the invariance under Kirby moves, one has to consider the elementary surgery 
operators W{U ; ±1). The operators W{U; ±1) can be obtained from W{K; ^q) by using the satellite 
relations. Let us consider a satellite of the unknot, with writhe +1 in S^, which has been obtained 
by means of the pattern link defined by the two knots K and Y in V. This satellite is shown in 
Fig.6.3. 




Figure 6.3 

According to eq.( |6.55D , the expectation value of the Wilson line operators associated with the link 
of Fig.6.3 is equal to EqU ] { W{U; ^+) )\s3- Therefore, by taking into account the behaviour of the 
expectation values under a change of framing, one obtains 

a{k) J2 l"^^"^ ^oH H,, = q-"^^'^ Eo[j] (^a{k) ^ j . (6.56) 

This equation coincides with eq.( |6.12| ) with 

Mi) = a{k) Eo[i] , (6.57) 



A+ = a(fc)^g««i?o'[^] ■ (6.58) 

i 

Clearly, and A_ can be obtained from 0+ and by taking the complex conjugates. By 
assumption, A+ 7^ and consequently A_ 7^ 0. Therefore, the invariance under Kirby moves can be 
proved by using the same argument as presented in Sect. 6. 2. The natural choice of the normalization 
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factor a{k) is to require that a{k) > and |A-|-| = 1. This is the convention that we have adopted 
in the previous sections. □ 

By definition of the reduced tensor algebra, 7(fc) is physically irreducible ; this means that if 
tp S 7(fc) is physically equivalent to the null vector, then ip = 0. It should be noted that, in the 
proof of Theorem 6.3, this property of 7(^) has not been used. Theorem 6.3 provides an explicit 
solution to the problem of the surgery colour state ^'o; the uniqueness of this solution follows from 
Theorem 6.4. 



Theorem 6.4 m Up to a normalization factor, the surgery colour state is unique. 



Proof Suppose that we have found two surgery colour states \I'o and ^I'q in T(^k)- Let and 
be the corresponding colour states associated with the elementary surgery S^. Let us fix the 



normalization of ^'4- and (and, consequently, of ^'o and \&g) by imposing that eq.(6.12) takes 
the form 

= g-««i?o[*] = {H--^'^). . (6.59) 
With this normalization, the colour state ^ = — satisfies 

H-^ = . (6.60) 



Eg. ( 6.60 ) implies that, for any link L C 5^ in which one of its components C has colour one has 
{W{L) )\g3 = 0. Indeed, by using the surgery operators, one can find a surgery presentation |23] of 
L C 5"^ in which C is the unknot with colour Of course, the remaining components of L and the 
surgery link belong to the complement solid torus of C in S^. Therefore, by using the generalized 
satellite relations (see Sect. 2. 2), ( W{L) ) \gs can be expressed in terms of the values of the Hopf link 
in which one of its components has colour ^. Consequently, eq.( |6.60| ) implies that ( W{L) )\g3 = 0. 

On the other hand, since T^^) is physically irreducible, one has ^' = and thus ^+ = ^'Y; this 
implies that ^'o = ^'q- □ 

The existence of an operator which represents surgery (Theorems 6.1-2) implies that the Hopf 
matrix Hij is nonsingular. Indeed, suppose that eq.( |6.60| ) is satisfied with a certain colour state ^. 
By using the method described in the proof of Theorem 6.3, one can conclude that either 7^^) is 
physically reducible or ^' = 0. Since the reduced tensor algebra Ti^^) is (by definition) physically 
irreducible, one must have ^' = 0; this means that H is nonsingular. 



6.6 Examples 

In this section we shall describe some concrete examples of computation of observables in manifolds 
different from 5^. All the examples are worked out by using G = SU{3) as the gauge group. 

6.6.1 The manifold X 

The manifold x admits ||2^ a surgery presentation in which the surgery link is the unknot U 
with surgery coefficient r = 0. The manifold S'^ x can also be represented by the region of 
delimited by two spherical surfaces which are centered at the origin and have different radii; the 
points which have the same angular coordinates on the two spheres are identified. 

The simplest knot C which is homotopically nontrivial in S'^ x is shown in Fig. 6. 4. The 
link in shown in Fig. 6. 4a has two components; one component represents the surgery instruction 
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(a) 



(b) 



Figure 6.4 



corresponding to the Dehn's surgery on which gives x S^. The remaining component, which 
has preferred framing, describes the knot C. Fig. 6. 4b gives an equivalent description of C in S'^ x . 

Let C have colour Tpi, the expectation value of the associated Wilson line operator in x is 
given by Theorem 6.2, 



{WiC;i;,))\s2^S^ 



{W{U;^o)) Is3 
On the one hand, one has 

{W{C;i;i)W{U;^o))\si = a{k) Y,E^[j]Hji 

3 

On the other hand, one gets 

3 

As shown in Appendix C, one finds 



(6.61) 



(6.62) 



(6.63) 



256 sin^(7i-/A;) cos2(7r/A;) ' 



(6.64) 



3k^ 



256 sin^ {n/k) cos2 (vr/Zc) 



(6.65) 



where ipi denotes the unit element in T^k)] l^t us recall that the unit element of 7^^) was indicated 
by ^-[0] for A: = 1 and k = 2, and by ^-[0,0] for A: > 3. From eqs. (|a6l) and (|a6^ ) it follows that 



(6.66) 



In the next section we shall show that the result in ( 6.66| ) is not peculiar to SU{3) but it holds 
in general when the reduced tensor algebra is regular. Let us now consider the two components 
link shown in Fig. 6. 5; the two components Ci and C2 shown in Fig. 6. 5a have preferred framings 
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and colours ^pi and tpj respectively. An equivalent description of Ci and C2 in S'^ x is given in 
Fig. 6. 5b. By using the satellite formulae ( p.32|) , from eq.( |6.66 ) one obtains 

{W{Ci,C2;A,i^j))yxS^ = Nij, = Sij* . (6.67) 

The three components of the link shown in Fig. 6. 6 have preferred framings and colours ipi, tpj and 
ipm] by using the satellite relations one finds 

(14^(Ci, C2,C3 ;V'i, '0i,'0m))|s'2x5i = Njjn Km' = Nijm" ■ (6.68) 





Figure 6.6 



The expectation value of the three components link shown in Fig. 6. 6 provides a direct represen- 
tation of the structure constants {Nijm* } of the reduced tensor algebra Tf^^-j of SU{3). Eq.( |6.68| ) 
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shows that Nij^* is symmetric under a generic permutation of the indices; this is in agreement with 
eg. (PI- 

In order to verify the ambient isotopy invariance of the expectation values in 5^ x 5^, let us 
consider for example the link shown in Fig. 6. 7a; the components C and K have preferred framing 
and colours and ipj respectively. On the one hand, according to the surgery rule ( 6.5C| ), one 
obtains 



Eo[j] 5ii 



(6.69) 



{W{C,■,i^^)W{K■,^l^,))\s2^s^ 

On the other hand, by means of an isotopy in S"^ x (see Fig. 6. 7b) one can move the knot K 
inside a three-ball. Consequently, W{K]ijjj) gives the contribution -EqIj ]; thus 



{W{C,■^^J,)W{K■,i;J)) ^2,51 
in agreement with eq.( |6.69 ). 



Eo[j] {W{C,■^P^))y^s^ 
Eo[j]5ii , 



(6.70) 




The two components Ci and C2 of the link shown in Fig. 6. 8 have preferred framings and colours 
ipi and ^pj respectively. By using the surgery rules, one can compute the expectation value of the 
associated Wilson line operators; one gets 

{W{Cu■,^^)WiC2■,^J))\s2^S^ = q-^'^^'U,,, . (6.71) 



The result (6.71) can also be derived by using of the invariance under Kirby moves. Indeed, the 



sequence of Kirby moves shown in Fig. 6. 9 and eq.( |6.67 ) imply 



{W{Cl,■i;,)W{C2■,^l^,))\s2^s^ = g-W)-Q(i) <5,^.. . (6.72) 

The vacuum expectation values of the Wilson line operators in 5^ x can be obtained by 
means of a simple general rule. Let us consider the surgery presentation of S'^ x given by the 
unknot U in with surgery coefficient r = 0. A generic link in 5^ x can be represented by a 
link L in the complement solid torus N oiU in S"^. Within the solid torus N, the associated Wilson 
line operator W{L) admits the decomposition 

W{L) = ^CL{i)W{C;iJi) , (6.73) 
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Figure 6.8 



where C is the oriented and framed core of N shown in Fig. 6. 4a. Now, by using eq.( 6.66| ), one finds 

{W{L))\s2^s^ = a(l) • (6.74) 
Since, for any link L, the ^-coefficients can be determined uniquely (for example, by means of the 



Hopf matrix), eg. ( 6. 74 ) gives a compact description of {W {L))\g2 



6.6.2 Lens spaces and Poincare manifold 



The lens space L(p, 1) admits [23| a surgery presentation described by the unknot U with surgery 
coefficient r = p. In order to illustrate the use of the surgery rules, let us consider the case in which 
k = 1. The simplest nontrivial knot C in L{p, 1) is shown in Fig. 6. 10; let C have preferred framing 
and colour tpi. Let us recall that 7(i) is of order three and the corresponding Hopf matrix is given 



in eq.( 4.85 ). From the definition of surgery operator, one has 



(VF(C,;^,)>Il(p,i) 



(6.75) 



(W(C,;V',)>Il(p,i) 



-1 



if i/ji 
if Tpi 



- m ; 



(6.76) 



When k = 2, { W{C, ; ipi) )\l{p.i) can be obtained by taking the complex conjugate on the expression 
( 6.76| ). As we have already mentioned, the case A; = 3 is trivial. For k = 4, one gets 



(W(C;VO>|l(p,i) 



'l _ g-i27rp/3^ (^-^ _(_ 2g-«27rp/3y 
'l _ g-*27rp/3^ (^-^ _(_ 2g-«27rp/3y 



if Ipi 

if ^pi 
if ^pi 



^[1,0] ; 
^[0,1] . 



(6.77) 



The general expression of {W{L))\i(^p^i-^ can be obtained by using the decomposition ( |6.73| ) for 
W{L), where L belongs to the complement solid torus of U in S^. Similarly to the case of the 
manifold S"^ x S^, we only need to consider the knot C shown in Fig. 6. 10 with preferred framing 
and colour state ipi. Let us consider first {W{L)W{U,'^o))\s3, where the unknot U has framing 
specified by eq.( 6.46| ) with r = p. By means of two Kirby moves, the link shown in Fig. 6. 10 can 
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be transformed as shown in Fig. 6. 11. Therefore, by using eq.( |6.68| ) and by taking into account the 
normahzation factor, one finds 

jm (6.78) 
Let us denote by Z(p) the expectation value 

= (iy(C/,*o))l53 = a(fc)^/Q»i?o'W • (6.79) 

i 

For 7^ 0, the expectation value ( W{L) )|i(p.i) is given by 

jmi (6.80) 

The last example of this section is the Poincare manifold V. This manifold is a homology sphere 
but not a homotopy sphere. A surgery presentation of V is given by the right-handed trefoil knot 
1 m with surgery coefficient r = 1 (and framing specified by eq.( |6.46| )). The knot C C V shown 
in Fig. 6. 11 has preferred framing. For simplicity, we shall concentrate on the case k = 1. By using 
the result (l48C| ) of Chap.4, one obtains 



Therefore, 



It is clear that the corresponding expressions for k = 2 can be obtained from ( 6.82| ) by taking 
the complex conjugate and the results for k = 4 coincide with ( |6.82| ). For higher values of k, the 
computation of {W{L) )\-p is straightforward. 
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C 



Figure 6.10 




Figure 6.11 



6.6.3 Manifolds SgXS^ 

In this section we shall consider the set of manifolds x S^, where is a Riemann surface of 
genus g. Let us denote by C{g) a surgery link in corresponding to a surgery presentation of 
T,g X S^. We shall describe firstly how to construct C{g) for arbitrary g. Then, we shall consider 
examples of links in T,g x S^. 

The manifold can be obtained from the two-sphere S'^ by adding g handles, of course. 
Similarly, the 3-manifold T,g x can be obtained from S'^ x by "adding g handles" according 
to the prescription described in Consider the link L{g) in 5"^ shown in Fig. 6. 13, where the 

component U and the g components { Mi, Mg } have preferred framings. The surgery link C{g) 
is a satellite of L(g) which is obtained by replacing each component Mj (with 1 < i < g ) with 
h^{P). The homeomorphism /i* has been defined in Sect2.2. The pattern link P, which is contained 
in the complement solid torus N of the unknot V in S^, is shown in Fig. 6. 14. The satellite obtained 
according to this prescription is the link C{g) in S"^ which has 2g-\-l components. Each component 
of C{g) has preferred framing and, consequently, the associated surgery coefficient is r = 0. 
For example, the surgery link C{1) is shown in Fig. 6. 15; C{1) is ambient isotopic with the Borromean 
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Figure 6.12 



rings and corresponds to the manifold Eg x 5^ = x S*^. 

Suppose that both components of the pattern link P have colour ^q. We shall denote by W{P; ^o, ^o) 
the product of the associated Wilson line operators. Since P is defined in N, W{P; ^'o, ^I'o) is a 
gauge invariant observable defined inside a solid torus. Consequently it admits a decomposition of 
the type |33| see Sect. 4. 

WiP;^o,-i'o) = Y.vii)WiK;iJi) , (6.83) 

i 

where K is the core of with preferred framing. One finds 

rj{i) = Y.E,\j\H,, . (6.84) 



Details of the derivation of ( |6.84| ) will be given in Chap.8. Eq.(|6^) is vahd for any group G. 



Eq.( 6.83| ) gives the decomposition of the surgery operator, which is associated with "one handle", 



in terms of a single coloured link component. The above decomposition will be useful in the 
computation of expectation values of Wilson line operators in Y^g x . 

Let consider for example the case k = 5; the reduced tensor algebra T(5) is of order six and the 
elements of its standard basis are |3^] 

{^[0,0], ^-[1,0], ^-[2,0], ^-[0,1], ^-[0,2], ^-[1,1]} . (6.85) 

The nontrivial structure constants are given by 

^-[1,0] ^[1,0] = ^-[2,0] + ^-[0,1] , ^-[1,0] ^-[0,1] = ^-[0,0] + ^[1,1] , 

(6.86) 

*[1,0]^[2,0] = ^[1,1] , ^[1,0] ^[0,2] = ^[0,1] + ^[1,1] , (6.87) 



^-[1,0] ^[1,1] = ^-[1,0] + ^-[0,2] , ^-[0,1] ^-[0,1] = ^-[0,2] + ^[1,0] , 

(6.88) 
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V 




p 



Figure 6.14 

^-[0,1] ^-[2,0] = ^-[1,0] + ^-[1,1] , ^[0,1] ^-[0,2] = ^[1,1] , (6.89) 

^-[0,1] *[1,1] = ^-[0,1] + ^-[2,0] , ^[2,0]*[2,0] = ^'[0,2] , (6.90) 

^-[0,2] ^'[0,2] = ^'[2,0] , ^-[0,2] ^'[1,1] = ^-[1,0] , (6.91) 

^[1,1] ^[1,1] = ^[1,1] + ^[0,0] . (6.92) 
The non-vanishing ry-coefhcients for k = 5 are 

r?[0,0] = 6 , 77[1,1] = 3 . (6.93) 
By using the decomposition ( |6.83D , one finds 

{WiC{l)))y = 6^3(^/5 + l)/2 . (6.94) 
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Let us now consider the knot C C x shown in Fig. 6. 16; when C has preferred framing and 
colour ipi, one gets 

<-*-^«'i— {v. ::::;:[;;:!: 

In a generic manifold of the type Tig x S^, we can interpret as a compactified "time" interval, 
Tig being the space-like surface. According to this interpretation, the knot C C x shown in 
Fig. 9. 16 describes the static situation in which a single coloured puncture is present in T^. 

Consider now the static case in which two coloured punctures are present on T^. Let Ci and C2 
be the knots in T2 X which describe these two punctures. From eq. (|6.93| ) it follows that 



V.)W^(C2; V,))It2x51 = + ■ (6-96) 



It is clear that eq.( |6.96 ) can easily be generalized to the case in which several punctures are present 
in T^. Indeed, by means of the satellite formulae, we can replace the link associated with these 
punctures by a single knot. The same method can also be used to analyze the situation in which the 
genus (number of handles) is greater than one. In fact, according to eq.(lO.l), adding one handle 
is equivalent to the introduction of a puncture with colour = For example, let us 

consider T2 x 5^ with one puncture having colour ipi. By using eqs. 

(lot ) and ( |03D one obtains 



(VF(C; V'.))Ie,x51 = <^^[o,o] + • (6.97) 



6.7 Properties of the Surgery 

After we have given some example of calculation of observables of SU{3) CS theory in manifolds 
different form S^, in this section we shall come back to general properties of surgery. 

Let us consider the surgery instruction given by the unknot U in with surgery coefficient 
r = 0. The corresponding surgery operation So in S"^ is the result of the following instructions |23]: 



1. fix a tubular neighborhood of a unknot U and remove the interior N oi N from 



2. consider A^ and — N as distinct spaces. 
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Figure 6.16 



3. sew back A'^ with — N by identifying their boundaries according to a homeomorphism 
h : dN — > d{S^ — N) which sends a meridian of N into a meridian of 5^ — N. 

The manifold corresponding to the surgery instruction given by the unknot U in with surgery 
coefficient r = is homeomorphic with S'^ x S^. 



We shall now prove |56| two remarkable properties of the operator corresponding to the Sq 
surgery. Let us consider the link in depicted in Fig. 6. 17 in which the component U represents 
a surgery instruction with surgery coefficient r = 0. This link gives a surgery description a knot C 
in 5^ X with nontrivial homotopy class. For the observable associated with C in S"^ x the 
following property holds. 




Figure 6.17 



Theorem 6.5 I The expectation value in S x S of the Wilson line associated with the link 



C , shown in Fig. 6. 1 1, with colour tp [j] is 



luNn ,r^^^\ {W{U ; ^>,)W{C ■ m))\s^ , 



(6.98) 



I53 
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where jp[l] is the class defined by the one dimensional trivial representation. 
Proof First of all, since 

{W{U; ^o))|s3 = aik)Y,Ei[m] = aik)'' > , (6.99) 

m 

by definition of the regular reduced tensor algebra, expression ( |6.99|) is well defined. Let us now 
consider the expectation value of the Wilson line associated with the link shown in Fig. 6. 18. 



u 




Figure 6.18 

On the one hand, by using the definition of the surgery operation 5*0 one finds 

{W{U,C,K; ^o,m,m))\ss = Eo[i]{W{U,C;-i'o,m))\s^ ■ 



(6.100) 



Indeed, since we are dealing with a topological field theory, by means of an isotopy we can move 
the knot K into the interior of the tubular neighborhood N oi U which is involved in the surgery 
operation Sq. By using the homeomorphism h entering the definition of Sq, K becomes homotopi- 



cally trivial in and its expectation value factorizes |36| as we have seen in Sect. 6. 6. On the other 
hand, by using the connected sum rule one has 



{w{u,c,K; ^o,m,m 



[Eo[j]y' H[i,j] {w{u,c- ^o,m 



1S3 



Since equations ( 6.100 ) and ( |6.101| ) are both satisfied, by setting 

Z{j) = {W{U; ^o)WiC; m))\s-^ , 

one finds 

{Eo[i] Eo[j] - H[i,j] ) Z{j) = V m , m e T^k) 



(6.101) 
(6.102) 
(6.103) 



We now show that eq.( |6.10v^ ) implies that Z{j) = OVj 1. 

When ip[j] = tpll] the equality (6.103) trivially holds. Indeed Eq[1] 



1 and H[i,l] = Eo[i\ 



Assume now that there is an element ip[m] of the standard basis, with ^/^[m] ^ ^[1], for which ( 6.103 ) 
is satisfied with j = m and Z{m) ^ 0; we need to prove that, in this case, one gets a contradiction. 



Indeed, from ( 6.103 ) it follows that 

H[i,m] = Eo[i] Eo[m] 



(6.104) 



Let us consider a generic link in with one of its components A coloured with ip G '^fc)- By 
using the surgery operators, one can find a surgery presentation [|2^ of C in which A is the 
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unknot with colour (/3 and the remaining components of L^p and the surgery hnk are contained in 
the complement solid torus of A in S^. Let us denote by B the core of the complement solid torus 
of the unknot Am S^. By using the decomposition ( 4.16 ), we obtain 

{W{L^))\^, = ^« {WiA,B; ^■,m))\s^ ■ (6-105) 



The union of knots A and B is simply the Hopf link in S^. In general, f will be a linear combination 

if = ^ a„ V'N • (6.106) 



of the standard basis of 7(jfc) 



Thus 



{W{L^))\^, = ai)anH[i,n] . (6.107) 



If we choose ip to be 



If = iPlm] - ip[l] Eo[m] ; (6.108) 

equation ( |6.107] ) becomes 

i 

= ^e(0 {Eo[m]Eo[i] - Eo[m]Eo[i]) 

i 

= . (6.109) 

Equation (|6.109D means that f is physically equivalent to the null element. Therefore, f is the null 
element because T^^j is (by definition) physically irreducible. This implies that ij)[m] = Thus, 
we have reached a contradiction. 

At this point, we have shown that 

Z{3) = f{k) . (6.110) 
The normalization factor f{k) can easily be obtained from the definition of Z{j). Indeed 
f{k) = Z{j = 1) = {W{U,K; ^o,m))\s^ = {W{U; *o))|s3 = a{ky' . 

(6.111) 

Thus 

fu,fn /r-n\l { W{U, C;^o, 

{W{C;i.m\,,^,-, = ^^(^.^^)^|^^ = ^1.- (6.112) 

□ 



It should to be noted that Theorem 6.5 has a topological origin but is also strictly connected with the 
peculiar role played by the reduced tensor algebra in the CS theory. Theorem 6.5 can be understood 
to be a consequence of the conservation of the non-Abelian electric flux originated by a static 
source in a closed universe described by the 3-manifold S'^ x S^. 
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We conclude this section by showing how the structure constants of 7(^) can be expressed in 
terms of the CS gauge invariant observables. This wih permit us to interpret the equations involving 
{Nijm} in terms of relations between observables. 



Theorem 6.6 



The structure constants of T(^j.-^ can he represented by the expectation value 



in X of the Wilson line operator associated with the three- component link shown in Fig. 6. 19 



N,jm* = {W{Ci;i;[i])W{C2;m)W{Cs;i;[m]): 



(6.113) 








Figure 6.19 



Proof 

By using the satellite formula (|2.32|) , one obtains 



= Nijt { W{Ci;m ^/J[m]) )\^,^^, 



Nijt Ntml = ^iji 



t m* 



ijm* 



(6.114) 



□ 



Equation ( |6.113 ) is in agreement with the symmetry properties of the structure constants { Nijm } 
postulated in the definition of a regular reduced tensor algebra. 

In Sect. 6. 4 we have introduced the quantities Zq and Zf^j^-^, which are related with the normal- 
ization of the elementary surgery operators 



.115) 



(±1) 



(6.116) 
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By definition, one has ^(-i) = ■^(+1)- Fro™ the general properties of surgery it follows: 



Theorem 6.7 I The quantity Zq is related to the Hopf matrix by 



Proof By definition we have 



— ^ Him Hmj — ^ Eq [m] Eq [m] ^ Him Hmj 



By using the connected sum formula ( p.40D , Eq.( 6.118| ) can be written as 



m 

where Ci, C2 and C3 are the components of the link shown in Fig. 16. 20. 



(6.117) 



(6.118) 



(6.119) 




Figure 6.20 



The satellite relation ( |2.32| ) can be used to eliminate one of the components of the link in Fig. 6. 20; 
we obtain 

{H^)ij = Y.N,,nEo[m]Hmn = J2a{k)-^ {W{U; N^.n {W{U, C; ^0, m))\s2^s^ ■ 

n,m n (6.120) 

The knots U and C are the components of the link shown in Fig. 6. 17. From Theorem 6.5, it follows 

= a{k)-\W{U;^Q))\^,Ni,^ = Zq Niji . (6.121) 

□ 

By using Theorem 6.6, one can also show that Zq and are not independent. Actually, the 
following relation exists. 



Theorem 6.7 I The complex numbers Zq , ^(+i) and ^(-i) satisfy 



Zq — ^(+1) ■ 



(6.122) 
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Proof On the one hand, from eq.( |6.56| ) one obtains 

ij ij i (6.123) 



By using Theorem 6.6, from Eg. ( 6. 123 ) one gets 

<?«»Zoi?o[^]iV^ll = Zo = %i)%i) 



(6.124) 



□ 

When the gauge group is SU{2) or SU{3), from the exphcit expressions of H, Zq and -^(i), 
the vahdity of the relations stated in Theorem 6.6 and in Theorem 6.7 can be verified by a direct 
calculation [31, 3(:]. 



Chapter 7 

A three-manifold invariant 



7.1 Introduction 

Given a manifold M, a topological invariant is a map f : Ai ^ C which assigns to each manifold 
A4 a complex number I{A4) in such way that, if A4i and A^2 are homeomorphic, then I{A4i) = 
I{M2)- Roughly speaking, two manifolds Aii and Ai2 are homeomorphic if A^i can be continuously 
deformed to A42- For example, the surface of an ellipsoid is homeomorphic with a 2-sphere S'^; on 
the contrary, a torus cannot be continuously deformed to S'^. 

We shall construct a topological invariant of closed, connected and orientable 3-manifolds based 
on the CS partition function. In the framework of Dehn's surgery, any closed, connected and 
orientable 3-manifolds corresponds to a class of surgery instructions. By definition, given two sets 
of surgery instruction contained in the same class, they are related by a sequence of Kirby moves 
and describe homeomorphic 3-manifolds. Thus, in the framework of Dehn's surgery, topological 
invariance is translated into invariance under Kirby moves. 



7.2 Definition of the invariant 

As we have shown in the previous sections, the expectation value {W{L))\j^ represents a topological 
invariant of the link L in the three-manifold M. Our present goal is to construct a topological invari- 
ant of the manifold M itself. In the surgery presentation, each three-manifold M is characterized 
by a class of equivalent surgery links in S^. Thus, it is natural to look for a manifold invariant [^] 
which is defined by the expectation value of the Wilson line operators associated with the surgery 
links {C}. Let us consider the partition function Z{M) for the CS theory in the 3- manifold M 
defined as 



zm = = = (010)1,, . (7.1) 



In the derivation of the surgery rules for the field theory, we have seen that (VF(>C))|g3 carries 

informations on the manifold A4. Unfortunately, {W{jC))\g.^ is not invariant under Kirby moves 
and, consequently, the partition function ( |7.1[ ) cannot represent a three-manifold invariant. In 
Sect. 6. 5 we have shown that, under a Kirby move, {W{C))\g-i gets multiplied by the phase factor 
gitififc^ Therefore, in order to define a topological invariant, we simply need to introduce |44, 12, 



42, 41| a multiplicative term which cancels out this phase factor. 

Let A4 he a (closed, connected and orientable) three-manifold corresponding to the "honest" 
surgery link C in S^. Let us introduce an orientation for £ and let us denote by <t{C) the signature 
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of the hnking matrix L^j associated with £, i.e 



lk(Q,C,) to„^, 
' llk(Ci,C,/) tor i=j 



Theorem 7.1 I The improved partition function 



I{M) = exp[i9ka{C)] {W{C))\^, , (7.3) 



where W{C) has been defined in Sect. 6. 5, is invariant under Kirby moves and represents a topological 
three-manifold invariant of Ai. 



Proof. Under a Kirby move, {W{£,))\^3 transforms as 

I53 e^*^ ( K'-j /\s3 



{W{jC))\^, - e^^' {W{C))\^, , (7.4) 



whereas the signature a{£) transforms as ^| 



a{C) ^a{C)Tl . (7.5) 
Therefore is invariant under Kirby moves. □ 



According to the surgery rules described in Sect. 6. 5, can be interpreted as the value 

of the (improved) partition function of the Chern-Simons field theory in M. From the definition 
(|7lD, it follows that 

I{S'') = 1 . (7.6) 

Eq. (|7.6| ) shows is normalized in such way that plays the role of a reference manifold. In 

the next section, as examples, we shall give the value of for some three-manifolds when the 

gauge group is SU{3). 

7.3 Examples 

The manifold S"^ x admits a surgery presentation described by the unknot with surgery coefficient 
r = 0. In this case, ct(£) = and then one gets 

lis' X S') = l^f^ ^ , , , iork = l,2, 

[{kV^/ie) cos~^TT/k) sm~'^7r/k) for > 3 . 

Let us consider the lens spaces L{p,l) with p > 2; a surgery link for these manifolds is the unknot 
with surgery coefficient r = p, the signature of the corresponding linking matrix is equal to +1. By 
using the results of Sect. 6. 7. 2, one has 
k = 1 

mp,l)) = (l + 2e— . (7.8) 



mp,l)) = ^ (l + 2e-P/3) . (7.9) 
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k = 3 



k = 4: 



(7.10) 



l + 2e 



-inp/S 



(7.11) 



k = 5 



T(L(p,l)) 



-i67r/5 



3(^/5 + 1) 



1 _|_ 2 e*27rp/3 



1 + ^(3 + ^/5) e-'^'-P/^ 



(7.12) 



The Poincare manifold admits a surgery presentation described by the right-handed trefoil with 
surgery coefficient r = 1 as we have seen in Sect. 7. 6. 3. In 1900, Poincare conjectured that any 
3-manifold having the same homology groups of (homology spheres) is homeomorphic with S^. 
Soon after, the same Poincare found a counter-example to his conjecture. Indeed the Poincare 
manifold 7^ is a homology sphere, nevertheless it is not homeomorphic with S^, its fundamental 
group vri(P) being the icosahedral group. 

The values of the associated invariant are 
k = 1,2,3,4 



k = 5 



m 



3(^+1) 



m 



1 



3 + ^5 



1 - e 



-JTr/S 



(7.13) 



(7.14) 



The manifold x corresponds to the surgery link shown in Fig. 6. 15. From eq.(6.84), it follows 
that 7/(1) = Yli 1 = dimT(;j). Consequently, one has 



/(T^ X S^) = liS^ X S^) dim% 



(k) 



(7.15) 



Let us now consider the manifold x 5^; by using the handle decomposition ( 6.83| ), we find 
k = 1,2,4 



k = 3 



k = 5 



/(Eg X S^) = . 



(7.16) 



(7.17) 



X S^) 



3s 59/2 p(^g _ 1) ^3 (^ + 1) /2 for g even ; 

39 5(9-i)/2 ^ p(^g _ 2)] J3 (^+1) /2 for g odd 



(7.18) 



In eq.( [7.18D , F{g) denotes the g-th Fibonacci number; i.e. F{g) is defined by F{g) = F{g — 1) -|- 
F{g - 2), with F{1) = F{2) = 1. Details on the derivation of eq.dTl^) can be found in Appendix 
C. 
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7.4 Properties of the CS 3- manifold invariant 
7.4.1 Introduction 



The algebraic aspects of the construction of the CS 3-manifold invariant, which is based on the 
structure of simple Lie groups, are well understood [^, 41, 42, 43, 48, However, the 

topological meaning of this invariant is still unclear. Let us recall that the invariant of the 3- 
manifold defined by means of the Chern-Simons quantum field theory |]57| , |37[| coincides with 

the Reshetikhin-Turaev invariant |44, 12|. In general, it is not known how I{M) is related, for 



instance, to the homotopy class of M or to the fundamental group of . In this section we shall 
address this issue in the case A4 = Lp/^., where L(p,r) are the lens spaces. In addition we shall 



formulate the following conjecture ||5 



Conjecture: For non-vanishing I{A4) , 
the absolute value | I{M.) \ only depends 
on the fundamental group 7ri{M) . 



In the absence of a general proof, we shall verify the validity of the conjecture for a particular class 
of manifolds: the lens spaces. There are examples of lens spaces A^i and M2 with the same 
fundamental group 7ri(A^i) ~ 7ri(A42) which are not homeomorphic; for all these manifolds, we 
shall prove that (for non- vanishing invariants) 1 1 (Mi) \ = \ /(A^2) | when is the invariant 

associated with the group SU (2) . In the case in which the gauge group is SU (3) , we will present 
numerical computations confirming the conjecture. This computation is in agreement with the 
computer calculations for SU{2) of Freed and Gompf 1 5C ] and the expression of the SU{2) invariant 
obtained by Jeffrey [51|. Differently from |5C] and |51], the present approach is based exclusively 
on the properties of 3-dimensional Chern-Simons quantum field theory. 



7.4.2 Lens Spaces 

Lens spaces, which are characterized by two integers p and r , will be denoted by { Lp/j, } . The 
fundamental group of Lp/^ is Zp . Two lens spaces Lp/^. and Lp/ j^i are homeomorphic if and only if 



\p\ = Ip'I and r = itr' (mod p) or rr' = ±1 (mod p) . Thus, we only need [23| to consider the case 
in which p > 1 and < r < p; moreover, r and p are relatively prime. The lens spaces Lp/j. and 
Lpi are homotopic if and only if \p\ = \p'\ and rr' = it quadratic residue (mod p) . Consequently, 
one can find examples of lens spaces which are homotopic but are not homeomorphic; for instance, 
Li3/2 and -L13/5 . One can also find examples of lens spaces which are not homeomorphic and are 
not homotopic but have the same fundamental group; for instance, Li^j2 and -L13/3 . 

One possible surgery instruction corresponding to the lens space Lpj^ is given by the unknot 
p3| with rational surgery coefficient {p/r) . From this surgery presentation one can derive [p3| an 
"honest" surgery presentation of Lpj^ by using a continued fraction decomposition of the ratio 
{p/r) 

- = Zd ^ , (7.19) 

f Zd-l 

■ . 1 

^1 

where {zi, Z2-, - ■ ■ , z^} are integers. The new surgery link C corresponding to a "honest" surgery 
presentation of Lpj^. is a chain with d linked components, as shown in Figure 6.21, and the integers 
{zi, ^2, • • • , Zd} are precisely the surgery coefficients. 



7.4 Properties of the CS 3-manifold invariant 



107 





Figure 7.1 



According to the definition, tlie lens space invariant is given by 



E n 



zi Qiji) 



(7.20) 



Tlie link of Figure 6.21 can be understood as the connected sum of (d — 1) Hopf links 7i , i.e. 
C = 7i#7i ■ ■ ■ ij^Ti . Therefore, by using equation ( 2.40| ), expression ( 7.2C| ) can be written as 



Let us introduce the matrices 



(7.21) 



(7.22) 



As we shall see in the next Chapter, X and Y are associated with the modular group. In terms of 
the matrices ( [7.22 ), one finds |52] 



I(Lp/,) 



{au)-' [F{p/r)],, 



(7.23) 



where [F{p/ry\^-^ is the element corresponding to the first row and the first column of the following 
matrix 



F{p/r) = xy^''xy^''-ix---xy^ix 



(7.24) 



The invariant I{Lp/,,.) given in equation ( 7.23 ) is in agreement with the expressions obtained in 
pO| , ^ ] apart from an overall normalization factor. 



7.4.3 The SU(2) case 

In this section, we shall compute I{Lp/j.) for the gauge group G = SU{2) . Then, we will show 
that in this case our conjecture is true; i.e. when I{Lp/j.) / 0, the absolute value | I{Lp/j.) \ only 
depends on p . 

For sake of notational simplicity, in this section, we shall use as label of the elements {'0[j ] } 
of the standard basis of 7^ , for k > 2 , the index j representing the dimension of the irreducible 
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representation described by tplj] and 1 < j < (A; — 1) . Thus, by using the results of Chap. 3 and 
Chap. 4 and Chap. 6, the matrix elements of X and Y are given by 



i 






exp ^- 


^ exp 


/ iirm 


\ 2k 



iTimn\ 



exp 



nrmn 



with 



When k = 1 , one has 



exp( ITT /2k ) 



1 
i 



The algebra Ti is isomorphic with 73 and it is easy to verify that 

Ik=i{Lp/j.) = [lk=3{Lp/r)]* 



(7.25) 

(7.26) 
(7.27) 
(7.28) 



Therefore, we only need to consider the case k >2 . 

In order to compute I{Lp/^) ||52|, we shall derive a recursive relation for the matrix ( 7.24 ); the 
argument that we shall use has been produced by Jeffrey |^] in a slightly different context. In fact, 
our final result for I{Lp/^) is essentially in agreement with the formulae obtained by Jeffrey. Since 
in our approach the invariance under Kirby moves is satisfied, our derivation of I{Lp/^.) proves 
that the appropriate expressions given in [50, 51 1 really correspond to the values of a topological 
invariant of 3-manifolds. 

Let us introduce a few definitions; with the ordered set of integers {zi , Z2, - ■ ■ , z^} one can define 
the following partial continued fraction decompositions 



at 

— = Zt 

It 



Zt-l 



(7.29) 



where 1 < t < d . The integers at and jt satisfy the recursive relations 

"m+l = Zm+iam - 7m, , Oil = Zi , = I 

7m+l = Oim , 71 = 1 > 

and, clearly, ad/^d = p/r . Finally, let Ft be the matrix 

Ft = Xyxy-^X---XY'^X ; 
by definition, one has Fd = F{p/r) . 



Lemma 7.1 I The matrix element {Ft)mn is given by 



(Ft] 



Bt 



s{m,k,\at\) 
(-i)*+l 



'•^7t ^ 



V2k\ 



Zl+Z2-\ l-zt 



exp 



at 



ITT 



[sign{aoai) + • • • + sign{at-iat)] 



exp 



nrn 
~2k 



+ ••• + 



at-2at-i 



(7.30) 
(7.31) 



(7.32) 



(7.33) 



(7.34) 
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where s{m, k,\at\) stands for the sum over a complete residue system modulo {2k\at\) with the 
additional constraint s = m {mod 2k) . 

Proof The proof is based on induction. First of all we need to verify the validity of equations ( [7.33| ) 
and (7.34) when t = 1 . In this case, from the definition ( [7.32| ) one gets 



2k 



2k 2 



'i-Ks{m+n)/k —i-Ks(m—n)/k 



+ C. C. 



s=l 



(7.35) 

Since the sum ( [7.35 ) covers twice a complete residue system modulo k, i.e. 1 < s < 2fc , a 
multiplicative factor 1/2 has been introduced in ( [7.35| ). The change of variables s — > — s shows 
that the last two terms in ( 7.35 ) are equal to the first two terms. Therefore, equation ( [7.35 ) can be 
written as 

2k 



1 

'2k 



-i-KS^zx/(2k) 



s=l 



^—iTTs{m+n)/k ^—iiTs(m—n)/k 



(7.36) 



At this point, one can use the reciprocity formula ( p.32| ) reported in the appendix and one gets 



{F, 



-1 



V2k\^i 

l-zil-l 



exp 



ITT 



sign{aoai) > x 



Er rri^(2kv+m+nf ,^(2kv+m-nf 
v=0 



(7.37) 



By introducing the new variable s = 2kv+m , one finds that in equation ( [7.37|) the variable s covers 
a complete residue system modulo (2A;|zi|) with the constraint that s = m {mod2k) . Therefore, 
equation ( [7.37| ) can be written in the form 

= Bi ^ ^e2^ 

s{m,k,\zi\) 



{Fi\ 



-{s+nf il!-(s-nf 



(7.38) 



This confirms the validity of equation ( 7.33 ) when t = 1 . In order to complete the proof, suppose 
now that ( 7.33 ) is true for a given t ; we shall show that ( [7.33| ) is true also in the case i + 1 . Indeed, 
one has 

k 

iFt+l)^n = E ( ^ )mv ( Ft ),„ . (7.39) 

v=l 



From equation ( 7.33 ) one gets 

iFt+l)mn 



-B, 



2k 2 



2k 



e 2k 



f=l s{v,k,\at\) 



g2fc^(^~^) ^-iTTmv/k _ g2fe^('^+^) ^-i-wmv/k 
_g2fc^(*~^) ^iTrmv/k _|_ g2fc27('^+^) giTrmw/fc 



(7.40) 



Again, the last two terms can be omitted provided one introduces a multiplicative factor 2 . More- 
over, because of the constraint v = s (mod2k), one can set v = s , thus 



(Ft+A 



V2k ^ 



|g-2lllh+i«'+2{7t+im+n)s] _ ^- j^[at+rsH2{^t+im-n)s] 



(7.41) 
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By using the reciprocity formula, one obtains the final expression for {Ff 



t+ 1 )mn 



mn 

E 

v=l 



V 



(7.42) 



In terms of the variable s = 2kv + m , equation ( |7.42| ) can be rewritten in the form ( |7.33| ) and this 
concludes the proof. □ 

From the definition ( [7.23| ) and Lemma 7.1 it follows 



Theorem 7.2 I Let SU{2) be the gauge group, the 3-manifolds invariant Ik{Lp/^) for k >2 



is given by 



h{Lpir) = ^ <; exp 

s {mod p) 

'i-n{r — 1)^"' 



exp 



2pkr 



exp 



"z7r(r + Vf' 


exp 


2pkr 


- — \rks'^ 
p 


+ (r - 



z27r 



[rks'^ + (r + l)s] 



(7.43) 



Proof According to equation ( 7.23| ), the expression for the matrix element [F{p/f')]ii has been 
written by means of a sum over a complete residue system modulo p . □ 



As shown in equation ( [7.43 ), the expression for Ik{Lpij.) is rather involved; nevertheless, | Ik^Lpj^) p 
can be computed explicitly. Let us introduce the modulo-p Kroneker delta symbol defined by 



5p {x) 



X ^ (modp) 

1 X = { modp ) 



(7.44) 



(7.45) 



Finally, we shall denote by 4>{n) the Euler function ||53[ which is equal to the number of residue 
classes modulo n which are coprime with n . 



where p and x are integers. One can easily verify that, for integer n , 

5p{xn) = 5p{x) if {n,p) = 1 ; 

5pn{xn) = 5p{x) 



for p = 2 



Theorem 7.3 | The square of the absolute value of Ik{Lp/^) is given in the following list ; 

sin2 [Tr/{2k)] 



h{L2/i) 



1+ -1 



sin^ [tt/Zc] 



(7.46) 



for p > 2 one has : 

when p and k are coprime integers, i.e. {k,p) = 1, 



\ + ] [l + (-l)^/' 



[7r(A:<^(p) - 1) l(kp)\ 



+ 



sm 



sin^(7r//c) 
[vr(A;<^(P/2)-l)/(A:p)] 



sin^(7r//c) 



(7.47) 
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when the greatest common divisor of p and k is greater than unity, i.e. {k,p) = g > 1 and p/g 
is odd 



a 



4 sin^(7r/A;) 
when {k,p) = g > 1 and p/g is even 



[6g{r-l) + 5g{r + l)] 



(7.48) 



1 + (-l)^P/29' (-1 



\{r+i)/g 



+ 



6g{r - 1) [ 1 + J I 



(7.49) 



Proof From Theorem 7.2 it follows that the square of the absolute value of the lens space invariant 
is 



IkiLp/,)f = a{kr^ i2kp)-^ S{k,p,r) 



(7.50) 



with 



S{k,p,r) 



s,t (modp) 



r s 



P 



t^) + (r+l)(s-t) 



exp ( ^^P I ~" [^'^ (•^^ ~ + r{s -t) + s + t 



kp ) 

i2TT\ 



i2-K 



■ exp ( I ('^^ ~ + '''{s — t) — s — t 

+ exp I — [kr [s^ - t^) + (r - 1) (s - t) 



(7.51) 



The indices s and t run over a complete residue system modulo p . When p = 2 , each sum 
contains only two terms and the evaluation of ( 7.5l| ) is straightforward; the corresponding result is 
shown in equation ( [7.46| ) . Let us now consider the case in which p > 2 . By means of the change of 
variables s — > s + t , the sum in t becomes a geometric sum and one obtains 

S{k,p,r) = p I exp I - — [krs'^ + (r + 1) s] I 6p{2krs) 

s (modp) ^ 

(i27r\ f i2TT 1 
— j exp I [krs'^ + (r + 1) s] | 6p{2krs + 2) 

— — I exp < \krs'^ + (r — 1) s] > 6p(2krs — 2) 

kp J I p ' 

( i2n 1 

+ exp I [krs'^ + {r — 1) s]> 6p {2krs) 



(7.52) 



By using properties ( f7.45D , one can determine the values of s which give contribution to ( [7.52| ). 
Let us start with {k,p) = 1 . Clearly, in this case one has 



s = p 
s = p, p/2 



6p{2rks) / ^ I 
When {k,p) = 1 and p is odd, one gets 

5p{2krs =F 2) = 5p{krs =F 1) 



p odd 
p even 



(7.53) 



(7.54) 
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The delta function gives a non-vanishing contribution if and only if the following congruence is 
satisfied 



rks = ±1 {modp) 
The unique solution |Q to ( 7.55| ) is given by 

When {k,p) = 1 and p is even, one finds two solutions 



</,(p/2)-l 



S2 



±{rk) 



4>{p/2)-l 



+ p/2 



(7.55) 



(7.56) 



(7.57) 



Let us now examine the case {p, k) = g > 1 . We introduce the integer /3 defined by p = g/3 . For 
/? odd, one has 



6p{2krs) = 5i3{s) 



(7.58) 



Within the residues of a complete system modulo p , the values of s giving non- vanishing contri- 
bution are of the form s = a/3 with 1 < a < g . When /3 is even, one gets 



5p{2krs) = 6(3{2s) = 5/3/2(s) 
The solutions of the associated congruence are 



a ■ 



l<a<2g 



(7.59) 



(7.60) 



When {k^p) = g > 1 and p is odd, 6p [2r{ks it 1)] does not contribute because rks = ±1 (modp) 
has no solutions. On the other hand, if p is even we have 



dp[{2rks ± 2)] = 6p/2{rks±l) 



(7.61) 



The delta function (7.61) is non-vanishing when (p/2,k) = 1 and, in this case, the two solutions 
are si = ±{rk)'^^^^'^^~^ and S2 = si +p/2. This exhausts the analysis of the modulo p Kroneker 
deltas when p > 2 . 

At this stage, Theorem 7.3 simply follows from the substitution of the values of s for which the 
various Kroneker deltas modulo p are non vanishing. In the case {k,p) = 1 and p odd, the 
algebraic manipulations are straightforward. When {k,p) = 1 and p even, the evaluation of ( [7.52 ) 
needs some care. In this case, one has to deal with factors of the form 



exp 



(7.62) 



with b > 2 even and (a, 6) = 1 . In Appendix C.6, it is shown that terms of the type ( [7.62| ) are 
trivial because actually 



a*(*) = 1 {mod 2b) 
Finally, the derivation of equations ( 7.48 ) and ( 7.49| ) is straightforward. 



(7.63) 
□ 



Let us now consider the dependence of | /(Lp/^) p on r . As shown in equations ( 7.48 ) and 
( 7.49| ), I /(Lp/r) P depends on r . However, this dependence is rather peculiar: when I{Lp/r) 7^ 0, 
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I I{Lp/^) p does not depend on r . Indeed, when expression ( [7.48|) is different from zero, its values 
are given by 

sin^^(7r/A;) for g = 2 



/ (7.48) = <^ , r^~o' (7-64) 

Similarly, when expression ( [7.49D is different from zero, its value is given by 

To sum up, when I{Lp/j.) 7^ , | I{Lp/j.) p only depends on p and, therefore, it is a function of the 
fundamental group 7ri(Lp/r) = • Thus, Theorem 7.3 proves the validity of our conjecture for 
the lens spaces when the gauge group is SU (2) . 

7.4.4 The SU(3) case 

In this section we shall present numerical computations confirming the validity of our conjecture 
for lens spaces when the gauge group is SU (3) . As in the SU (2) case, the SU (3) Chern-Simons 
field theory can be solved explicitly in any closed, connected and orientable three-manifold |33, 



The general surgery rules for SU{3) and for any integer k have been derived in [36|. In particular, 
it turns out that 

Ik=l{Lp/r) = [lk=2{Lp/r)]* = Ik=4{Lp/r) ■ (7.66) 

Therefore, we only need to consider the case k > 3 . For A; > 3 , the matrices which give a projective 
representation of the modular group have the following form 

X, u^ - ^ -2 -\(m+n)(a+b+3)+(m+3)b+(n+3)a\/3 

^'■(m.n) (a,bj k\/3 

1 _)_ q{n+l){a+b+2)+{m+l)(b+l) _|_ ^(m+l)(a+fe+2)+{n+l)(a+l) 
_^(m+l){6+l) _ ^{n+l)(a+l) _ ^(m+n+2){a+fe+2)l . fj ^j^ 

Yia,b)(m,n) = 4n ; (7.68) 

C(a,b){m,n) = ^an^bm (7.69) 

where each irreducible representation of SU{3) has been denoted by a couple of nonnegative integers 
{m,n) (Dynkin labels). 

By using equation ( [7. 211 ), we have computed Ik{Lp/r) numerically for some examples of lens spaces. 
In particular, we have worked out the value of the invariant for the lens spaces Lp/,,. , with p < 20 
and 3 < A; < 50 . In all these cases, the results are in agreement with our conjecture. 

Our calculations have been performed on a Pentium based PC running Linux. For instance, 
the results of the computations for the cases Lg/i , Lg/^ , Ly^i\ , -^^15/2 ; -^15/4 with 3 < < 50 are 
shown in Tables 1, 2, 3, 4, 5. The spaces Lg/i and Lg/^ are not homotopically equivalent; as shown 
in Tables 1 and 2, the phase of the invariant distinguishes these two manifolds. The case in which 
p = 15 is more interesting because there are two different spaces belonging to the same homotopy 
class; Li^/i and -L15/4 are homotopically equivalent and represents the other homotopy 

class. The phase of the invariant distinguishes the manifolds of the same homotopy class. 
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7.4.5 Discussion 

In this Section, we have presented some arguments and numerical results supporting the conjecture 
that, for non- vanishing I{M) , the absolute value | \ only depends on the fundamental group 

7ri(A4). Since the Turaev-Viro invariant [45| coincides [^] with \I{A4)\'^, our conjecture gives 
some hints on the topological interpretation of the Turaev-Viro invariant. For the gauge group 
SU{2) , I P can be understood as the improved partition function of the Euclidean version 

of (2+1) gravity with positive cosmological constant |54, 55|. In this case, our conjecture suggests 
that, for instance, the semi-classical limit is uniquely determined by the fundamental group of the 
universe. 

Finally, one may ask for which values of k the equality Ik{M) = is satisfied and what is 
the meaning of this fact. The complete solution to this problem is not known. From the field 
theory point of view, gauge invariance of the factor exp(z5(-,g) (where S^^ is the Chern-Simons 
action) in the functional measure gives nontrivial constraints on the admissible values of /c in a 
given manifold M . In certain cases one finds that, in correspondence with the "forbidden" values 
of k, the invariant Ik{M) vanishes. So, it is natural to expect that Ik{M) = is related to 
a breaking of gauge invariance for large gauge transformations. From the mathematical point of 
view, = signals the absence of the natural extension of E{C) to an invariant Ej^{C) of 

links in the manifold M . More precisely, when ^ for fixed integer fc , one can define an 

invariant Ej^ (£) of oriented, framed and coloured links { £ C } with the following property: 
if the link C belongs to a three-ball embedded in M. , then one has Ej^{C) = E{C) . The values 
of the invariant Ej^ (£) correspond to the vacuum expectation values of the Wilson line operators 
associated with links in the manifold M. When Ik{A4) = 0, the invariant Ej^{C) cannot be 
constructed; consequently, for these particular values of k , the quantum Chern-Simons field theory 
is not well defined in M . 



Chapter 8 

Three-dimensional field theory vs 
two-dimensional conformal field 
theory 



8.1 Introduction 



In his remarkable paper |57] on quantum field theory and the Jones polynomials, Witten argued 
how to solve the three-dimensional Chern-Simons (CS) theory by using certain results of two- 
dimensional conformal field theory (CFT). The basic ingredient entering his construction is the S 



matrix representing the modular transformation r — > — 1/r in the WZNW model |5^, 59]. 



Alternatively, one can solve, following the way discussed in the previous chapters, the CS model 
by using the properties of the quantum field theory which are determined by the three-dimensional 
action principle. In this second approach, the existing connections between the three-dimensional 
topological field theory and certain properties of two-dimensional CFT are found a posteriori. In 
particular, all the relations satisfied by the S matrix admit an interpretation in terms of three- 
dimensional topology. In this chapter we shall describe the topological origin of these relations. 

Let us briefly recall some results obtained in CFT, a more detailed discussion can be found in 
App.D and in the references contained therein. For simplicity, we shall concentrate on the two- 
dimensional conformal WZNW model. The fusion rules, which are defined in terms of the OPE of 
primary fields, are summarized by [|60| ] 

m 

Following the notations of Ref. [^] , we shall denote by S and T the generators of the modular group 
acting on the linear space of the characters of the chiral symmetry algebra. Verlinde conjectured 
|l6l| that the modular transformation represented by S diagonalizes the the fusion rules, 

an an ct'" 

' • (8-2) 

n 

The analytic conformal blocks can be considered ||6^ as holomorphic sections of a vector bundle 
Vg^n over the moduli space of the n-punctured Riemann surface of genus g. As shown by Verlinde 
in the case n = 0, the dimension of Vgfi can be expressed as 

dimy,,o = E(^"o)'^'-^^ . (8.3) 
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This equation can be generalized to the case of punctured Riemann surface; in particular, one has 

dimVg,i{i) = Y,{Snof~^'^ S^n . (8.4) 

n 

We shall use three-dimensional quantum field theory arguments exclusively; all the results we 
shall obtain are consequences of the properties of the vacuum expectation values of the CS observ- 
ables. Firstly, we shall explain why the fusion algebra of two-dimensional CFT is isomorphic with 
the algebra defined by the gauge invariant observables of the CS theory. Secondly, we shall derive 
equations (|83|) -(^). 



8.2 Fusion algebra and reduced tensor algebra 

The analytic correlation functions of primary fields in the conformal WZNW model have monodromy 
properties described by the Knizhnik-Zamolodchikov equation [^ ]. The associated braid group 
representations have been studied in great details; as shown by Kohno these monodromy 
representations are equivalent to the i?-matrix representations defined in terms of the so-called 
quantum deformations of the simple Lie algebras. On the other hand, the skein relations satisfied 
by the expectation values of the CS theory can be associated with braid group representations 
which, again, are equivalent to the i?-matrix representations Thus, the braiding structures 

which are found in conformal field theory, in the quantum group approach and in the CS theory 
coincide. In fact, as shown by Drinfeld, the braid representations determined by the quasi-tensor 
category associated with the quasi-triangular quasi-Hopf algebras are universal |64|. 





As shown in Fig. 8.1, the fusion rules of the CFT correspond to the algebraic structure of the 
satellite relations in the three-dimensional CS theory. 

In our context, Drinfeld's universality theorem implies that the fusion algebra of the SU {N)£ WZNW 
model of level i is isomorphic with the reduced tensor algebra T^^) of the SU{N) CS theory with 
k = £ + N. The proof is based on the following considerations. The Knizhnik-Zamolodchikov 
equation [^] in the WZNW model determines a flat connection of the type considered by Kohno; 
moreover, the Sugawara form of the energy-momentum tensor implies that the resulting deformation 
parameter is given by 

= exp [-i27r/(^ + TV)] . (8.5) 



8.3 Modular group 
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The fusion algebra is generated by a primary field 4>n associated with the fundamental represen- 
tation of SU{N); therefore, the monodromy properties of a generic correlator of primary fields are 
determined by the correlators of (j)^. With the value (|8.5| ) of the deformation parameter, the fusion 
rules close on a finite set of conformal blocks which are labeled by certain irreducible representations 
of SU{N). 

In the SU{N) CS theory, the deformation parameter q is 

q = exp(-i27r/A:) . (8.6) 

The components of the links are labeled by the irreducible representations of SU{N). In Sect, we 
have seen that the value of any observable associated with generic representations of SU{N) is 
uniquely determined by the set of observables associated with the fundamental representation of 
SU{N). The three-dimensional counterpart of the fusion property of the primary fields is repre- 
sented by the structure of the satellite relations. By comparing the deformation parameters of the 
conformal theory and of the CS theory, one finds that they coincide when k = i -\- N . With this 
fixed integer value of k, see Chap. 4, the algebraic structures associated with the satellite relations 
of the CS theory close on a finite set of physically inequivalent representations. These representa- 
tions identify the equivalence classes belonging to the reduced tensor algebra T(^k)- The structure 
constants of 7(j.) characterize the satellite relations and then they correspond to the fusion rules of 
the conformal theory. Therefore, the fusion algebra of the conformal theory with level i must be 
isomorphic with the reduced tensor algebra T(^k=i+N)- 

In the case in which the gauge group is SU{2), the equivalence between the structure constants 
of the reduced tensor algebra T(^k=e+2) a-^d the fusion rules of the SU{2)i WZNW model has been 
established explicitly [^0|. When G = SU{3), one can verify that, for any fixed level i, the fusion 
algebra of the WZNW model is isomorphic with the SU{3) reduced tensor algebra T(^k=e+3) [33|. 



It should be noted that the relation between the two-dimensional WZNW model and the three- 
dimensional CS theory only concerns the algebraic structure of the monodromies or, equivalently, 
of the braid group representations. In fact, the physical contents of the two theories are completely 
different. For example, the Hamiltonian of the WZNW model is not vanishing, whereas the Hamil- 
tonian of the CS theory is vanishing (after gauge fixing, the Hamiltonian of the CS theory is a 
BRS-variation) . Differently from the WZNW model, in the CS theory there are no propagating 
physical degrees of freedom. 

To sum up, the isomorphism between the fusion algebras of the conformal models and the 
reduced tensor algebras of the CS theory makes clear the role played by the representation ring 
of the groups in the derivation of the fusion rules. Actually, this isomorphism can also be used to 
compute the fusion rules. 

8.3 Modular group 

In this section, we shall show that a projective representation of the modular group is defined on 
T(^k)'i we shall also derive the Verlinde formula (p.2|). The two D x D-matrices representing the 
generators of the modular group will be denoted by {X , Y}, where X corresponds to the S matrix 
of the conformal models and Y is the analogue of the T matrix. The X matrix is introduced 
according to 



= ,^^''^\,, = a^k)H[i,3] . (8.7) 



As we have already mentioned, an elementary -|-1 modification of the framing of a link component 
with colour ipli] is represented in T(^) by 

V-ii] ^ ■ (8.8) 
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Therefore, we shall define the Y matrix as 



y. . _ „Q{i) X. . 

Finally, we shall denote by C the "charge conjugation" matrix 



a 



6ij* 



i.W) 



Theorem 8.1 I The matrices {X , Y , C} satisfy the relations 



= C 



i.ll) 



XY 



1.12) 



Proof Equation (8.11) follows from Theorem 6.6. Indeed, by setting m = 1 in equation ( |6.113 ), 
one finds 



iVyi = a{k){W{U;^Q)W{Ci-m)W{C2;m))\s^ 
where the link components {U, Ci, C2 } are shown in Figure 8.2. 



^.13) 




Figure 8.2 



By using the connected sum rule, Eq. (8.13) can be rewritten as 



ijl 



c, 



^{kf "^Hli, m] H[m, j] 



{X-) 



which shows that eq. (p. 11) is satisfied. 



In order to prove equation ( 8.12 ), let us decompose {XY)"^ as 



^.14) 



^.15) 



By using the connected sum rule, one can represent a{k) [XY X)^^ by means of the CS observable 
associated with the link in S'^ shown in Figure 8.3. 
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Figure 8.3 




From the definitions (8.7) and ( ^.g| ) it follows that 

(yxy)„^. = a{k) H[m, j] 



(8.16) 



Consequently, the whole matrix a{k) (XY)^j can be represented by the expectation value of the 
observable depicted in Figure 8.4. 

From the property of the surgery discussed in Sect. 6-2 and Sect. 6. 5, it follows that the effect pro- 
duced by the surgery operator associated with the unknot can be represented as in Fig.8.5. Thus, 
by using the relation shown in Fig.8.5, one finds that the link of Figure 8.4 is equivalent to the link 
shown in Figure 8.6. 




+ 1 



Figure 8.5 
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Figure 8.6 



At this stage, from the satelhte relation ( 2.32| ) and Theorem 6.5, it fohows that 



XY 



5ij* 



this concludes the proof of equation (p. 12 ) 



^.17) 
□ 



By means of the matrices {X , Y , C}, which give the projective representation ( ^.11 ) and ( ^.12 ) 
of the modular group, one can easily construct a representation of the modular group in agreement 
with the standard conventions of CFT. 

Let us now derive the Verlinde formula (|8.2| ). According to Theorem 6.6, the structure constants 
{ ^ijm } of the reduced tensor algebra 7(/c) are given by the expectation value in 5^ x 5^ of the 
CS observable associated with the link components { Ci, C2, C3 } shown in Figure 6.19. The whole 
link of Figure 6.19 is defined in S"^ and has four components because one component represents a 
surgery instruction; this link can be understood as a (double) connected sum of three Hopf links. 
Thus, by using the connected sum rule ( |2.4[l| ), one finds 



i{kf^{Eo[n]r^ H[i,n] H[j,n] H 



m, n 



i.l8) 



Let us recall that each link component with colour ipll] can be eliminated; consequently, one has 
i?[l,n] = -Eo[^]- By taking into account the definition ( |8.7| ) of the X matrix, equation ( |8.18 ) can 
be written as 



^ XTn 



^.19) 



Equation ( |8.19| ) coincides with the Verlinde formula ( |8.2| ). 



8.4 Punctured Riemann surfaces 



In order to derive equations (8^) and ( ^.41) , one needs to find the three-dimensional counterpart 



of the dimensions of the bundles V^,n- The braiding properties of the correlators of primary fields 
on a Riemann surface T,g of genus g coincide with the braiding properties of Wilson line operators 
associated with links which are defined in the three-manifold Eg x and whose components run 
along the "time" direction determined by the component of the manifold. By using Dehn's 
surgery on , one can easily produce a surgery presentation of these links in T,gX S^. The analogue 
of dimVgfl is represented by the CS "partition function" in T,g x S^; whereas, dimFg^n corresponds 
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to the (properly normalized) expectation value in x of the Wilson operator associated with 
links describing n static punctures on S^. Let us now recall how the manifold T,g x can be 
represented |4C] by means of Dehn's surgery on Since we wish to consider arbitrary values of 
the genus g, it is convenient to start with the manifold S'^ x = T,q x and give a constructive 
method to "add handles" to it. 

In two dimensions, the Riemann surface T,g can be constructed by adding g handles to the sphere 
5*^. As shown in Figure 8.7, adding one handle to a Riemann surface is equivalent to introduce two 
surgery punctures on it. Equivalently, by fusing these two punctures, adding one handle to is 
equivalent to introduce a single surgery puncture on Sg. 






Figure 8.7 



Let us now consider the construction of T,g x 



by adding handles in the three-dimensional context. 
The starting manifold is S'^ x which corresponds to the surgery link given by the unknot U in 



with surgery coefficient r = 0. The operation of adding one handle can be represented |4G] (in 
the three-dimensional context) by the introduction of two new surgery components with vanishing 
surgery coefficients; these two components must be added to the unknot U as shown in Figure 8.8. 
The surgery link of Figure 8.8 is defined in and corresponds to manifold Si x S^. 




Figure 8.8 

For each handle, one has to introduce a copy of the two surgery components (with vanishing surgery 
coefficients) mentioned before. One can imagine that these two surgery components belong to a 
solid torus standardly embedded in S^; inside this solid torus, these two components define a link 
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which will be called P. The two components of P have colour given by ^q. In agreement with 
equation ( |4.16| ), the Wilson line operator associated with the coloured link P, which belongs to the 
complement solid torus N of the unknot U in S^, can be decomposed as 

W{P; ^0,^0) = W{K- i^h) , (8.20) 
where K is the core of A^, shown in Figure 8.9, and 

= Y1 '?(^) ^^[^] • (8-21) 

i 




Figure 8.9 

The coefficients { rj{i) } give the decomposition of the surgery operator, which represent one handle, 
in terms of a single coloured link component. Consequently, adding g handles to S'^ x is equivalent 
to adding g new components with colour ip^ to the unknot with surgery coefficient r = 0. The 
introduction of the surgery operator W{P ; "^q , '^q) by means the decomposition ( p.20| ) is the 
analogue of the introduction (in two dimensions) of a single surgery puncture on S^. In order to 
compute the expectation values of observables in T,gX S^, the knowledge of { r]{i) } is crucial. Quite 
remarkably, the topological properties of the one handle surgery operator are encoded entirely in 
the structure constants of T(fc) . 



Theorem 8.2 I The coefficients { rj{i) } are given by 



qiz) = ^nH ■ (8-22) 

j 

Proof Suppose that a Wilson line operator is associated with the component U, shown in Figure 
8.9, with colour ip[j]. The expectation value in S"^ of the observable associated with P and U can 
be expressed as shown in Figure 8.10. 

In the last step of Fig. 8.10, we have used the relation between tangles shown in Figure 8.11; this 
relation can easily be understood by using the following argument. 

Let us first consider the tangle on the left-hand-side of Figure 8.11. From Theorem 6.5, we know 
that the operator associated with the unknot with colour ^'o selects, among all the possible physical 
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m vv 





states running along the core of the sohd torus determined by the complement of the unknot in 
S^, the element tpll]- The tangle appearing on the right-hand-side of Figure 8.11 (understood as 
subset of the same solid torus A^) contains, as propagating state along the core of the solid torus, 
only Therefore, the two tangles must be proportional. The normalization constant can be 

determined by taking the closure of both tangles; the result is shown in Figure 8.11. 



.23) 



From Figure 8.10 and the satellite relation ( |2.32| ), it follows that 

^ r]{i) H[i,j] = ^ Nmm*nH[n,j] 



Let us recall that, when the reduced tensor algebra is regular, the Hopf matrix H is invertible and, 
in particular, from eq.( p.llD one obtains 

H-'[i,j] = a{kfH[i,j*] . (8.24) 

Thus, the solution of the linear system ( ^.23|) is given by eq. ( 8.22|) . □ 

By using the Verlinde formula ( ^.19| ) and X"^ = C, the ry-coefficients can also be expressed as 

vi^ = y.^ = y. • (8.25) 



Eo[n] 



In conclusion, the surgery link in S"^ corresponding to the manifold x is shown in Figure 
8.12. This link has {g + 1) components; one component is the unknot with surgery coefficient r = 
and the remaining g components, which have colour -0^, represent the g handles which must be 
added to 5^x5^ 
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a(k) 




Figure 8.11 








Figure 8.12 



8.5 Dimensions of the physical state spaces 

Let us consider the CS theory defined in Sg x S^; the S"^ component of the manifold can be 
interpreted as a compactified time-interval. Since the CS Hamiltonian is vanishing on the physical 
state space 'H{g) of the theory, the partition function of the CS theory defined in x is 
proportional to the dimension of l~i{g). The dimension of 'H{g) is equal fi^ to the number of 



independent generalized characters of the corresponding CFT on E^, i.e. (MmT-L{g) = dimV^^o- In 
order to find the proportionality constant between dim.'H^g) and lij^g x S^), we note that, as a 
consequence of Theorem 6.5, one has 



dimW(c/ = 0) 



1 



(8.26) 



Therefore, there exists the following relation between dvm.7i{g) and the 3-manifold invariant li^g x 
5^) introduced in Chap. 7 



dimTLlg) 



X(Sg X S^) 

I{S'^ X 

{W{U- ^o))|53 



^.27) 



The numerator appearing in eq.( |8.27| ) is the expectation value of the surgery operator describing 
Tig X and the denominator is the expectation value of the surgery operator associated with S'^xS'^. 
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We have denoted by {Ci , C2 , Cg } the surgery components, representing the g handles, shown 
in Figure 8.12. 

In order to obtain a general formula for (i\mH{g)^ we shall now derive a rule which allows us 
to eliminate the surgery components { Ci , C2 , Cg}. Let us consider the Hopf link in with 
components U and C. Let the U component be coloured with a generic element C, € Ti^k) s^nd the C 
component with ip^. By using the connected sum rule ( 2.40 ), we have 



{W{U,C; Ci^h, 



lS3 



Y,H[i*, j] E,' [j] { W{ U, C; C,m))\ 53 

a{k) ^{W{H#H; C, ^0, ) )|s3 ^o"'b1 
j 

{W{H#H-C,^o,ip: 



lS3 ' 



^.28) 



where (p = a{k) Eq ^[m] ^p[m]. The link H^H is the connected sum of two Hopf links shown 
in Figure 8.13. 




Figure 8.13 



Equation (|8.28[) implies [^]) the relation between tangles shown in Figure 8.14. 





Figure 8.14 

On the other hand, the tangle identity of Figure 8.15 also holds [36| 
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b(mj) 



The coefficient b{m,j) can be easily determined by closing the tangles shown in Figure 8.15 and by 
using Theorem 6.5. Thus one gets 



b{m,j) = a{k) ^[j] 5 jr. 



(8.29) 



We can now use the decomposition of Figure 8.15 to recast the tangle shown in Figure 8.14 in the 
form shown in Figure 8.16. 





= c ( j ) 



Figure 8.16 



The coefficient c{j) which appears in Figure 8.16 is given by 



c{j) 



i.30) 



To sum up, the relation shown in Figure8.16 means that each link component Q with colour i/^h 
(which is associated with one handle) can be eliminated provided one multiplies the resulting new 
link with an appropriate factor; if the component Cj is linked with a knot with colour ^[j], this 
factor c(j) is given in equation (|8.30|) . 

At this point, one can derive the general expression for dim7i{g); in fact, each component of 
the surgery link with colour iph (representing one handle) can be eliminated and substituted with 
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the multipHcative factor c{j). Consequently, from equation ( 8.27 ) one finds 
dimTi.{g) = 

= a-\k) Eo[j] { W{U; WiCi ; Vh, ) WiC2 ; Vh, ) • • • WiCg ; ) ! 



1 53 



i-Hk)Y.Eo[j] (l^j {W{U;m) 



E 



(9-1) 



Ei[j]J 

2(1 



lS3 



^.311 



Equation ( |8.31 ) coincides with equation ( |8.3| ). 

Finahy, let us derive equation (8^). In this case, we must compute [^] the dimension of the 
physical state space of the CS theory defined in the manifold T,g x in the presence of a static 
puncture on T,g. Let us now consider the knot C in x shown in Figure 8.17. 




Figure 8.17 



From a 2-dimensional point of view, the knot C corresponds to a static puncture on Sg. The 



dimension of the physical state space dimH{g,il^[i]) is given by the analogue of equation (|8.2 
namely 



dimn{g,^p[i\) = 

{ W{U; ^0) W{C ; ^P[i] ) W{Ci ; ^Ph, ) ^(Cs ; Vh, ) • • • WiCg ; ) ) I53 



1 53 



{W{U; ^0 

By using the same method illustrated before, one finds 

dimW(5,V[i]) = ' (8-33) 
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which corresponds to equation (4). This concludes our topological derivation of the Verlinde for- 
mulae (2)-(4). 

The expression appearing in ( 8.33| ) can be generalized to the case of n punctures with colours 



■i/'[^2]i • • • , V'l^n]}- Indeed, by using the satellite relation of eq.( p.32 ), the set of n punctures 
can be replaced with one puncture with colour ip given by 

i; = V'N ••• i^[in] ; (8.34) 

the element ip S 7^^) admits the following decomposition 

■0 = '^Cmik, ■ ■ ■ , in) ij[in] , (8.35) 
m 

where the coefficients {cm} are determined by the T^^^ structure constants. Therefore, the dimension 
of the CS physical state space associated with the manifold x in the presence of n static 
punctures on is 

dimn{g,'>p[ii], ■ ■ ■ , Tplin]) = '^Cm{ii, ■ ■ ■ , in) dimn{g,^p[m]) (8.36) 

m 



8.6 Discussion 

In this Chapter we have shown that the fusion rules of conformal field theory and the associated 
Verlinde formulae admit an interpretation in terms of three-dimensional topology. In our approach, 
the existing connections between certain aspects of two-dimensional CFT and the topology of three- 
manifolds have not been assumed; these connections have been derived from the properties of the 
quantum CS field theory. 

The starting point of our analysis has been the three-dimensional CS theory and the existence 
of a set of link invariants defined on framed, oriented and coloured links in S^. As a consequence of 
general covariance of the CS theory (combined with the framing dependence of the composite Wilson 
line operators), these link invariants satisfy a certain number of relations. The connected sum rule 
(9) and the satellite relation ( 2.32| ) summarize the relevant properties of the link polynomials. 



Because of the satellite relations, an algebra structure is defined in the colour state space asso- 
ciated with the link components. This algebra, called the tensor algebra, is defined by the structure 
constants of the representation ring of the gauge group. For integer values of the coupling con- 
stant k, not all the different colour states are distinguished by the values of the observables. Two 
different elements of the tensor algebra are called physically equivalent when the values of their 
associated observables are equal. For fixed integer k, the tensor algebra can be decomposed into 
classes of physically equivalent elements. In general, the number of linearly independent classes is 
finite; consequently, the algebra defined by these classes (called the reduced tensor algebra T^^^ ) is 
of finite order. Since the braid group representations obtained in CFT and in the CS theory are 
equivalent, the fusion algebra of certain two-dimensional conformal models is isomorphic with the 
reduced tensor algebra of the corresponding three-dimensional CS theories. 

The fusion rules, which correspond to the structure constants of '^(fc), can be represented by 
means of the expectation values of Wilson line operators in the manifold S'^ x S^. We have shown 
that, when the reduced tensor algebra is regular, a projective representation of the modular group 
is defined on T(^i^^ ; the Verlinde formula (2) is then a consequence of the connected sum rule which 
is satisfied by the expectation values of the CS observables. 

The operator surgery method has been used to implement Dehn's surgery in the field theory 
context. The topological properties of surgery can be expressed in terms of relations between the 
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expectation values of the CS observables. We have seen that a simple surgery presentation of the 
manifolds {T,g x } can be given; in fact, we have derived a general rule for adding handles (in 
the three-dimensional context) to the manifold S'^ x S^. We have shown that the surgery operator, 
associated with one handle, is determined by the structure constants of this result has been 



used to derive equations ( p^ ) and (8^). Indeed, by using the operator surgery method, we have 
computed the dimensions of the physical state spaces of the CS theory defined in T,g x and we 
have proved that the resulting expressions coincide with equations (^^) and (I 
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Chapter 9 

Conclusion 



In this thesis we have studied the Chern-Simons (CS) field theory with a non-Abehan gauge group 
G. When the theory is defined in S'^ gauge invariance constrains the renormahzed couphng constant 
k to be an integer. As a consequence, there are elements of the tensor algebra T of G which cannot 
be distinguished by using the CS observables. We have given the general rules to find the reduced 
tensor algebra T(;j) of T, whose elements give the physical inequivalent quantum numbers that 
characterize uniquely the CS observables. Some general properties of the reduced tensor algebra 
have been given, and the important notion of regular reduced tensor algebra has been defined. 

When G = SU (3) we have produced an explicit expression for the value of the unknot and 
for the Hopf link, for arbitrary irreducible representations of SU{3). We also have worked out the 
reduced tensor algebra by giving a set of "equivalence rules" among the elements of the SU (3) tensor 
algebra. By using this result, we have solved explicitly the CS theory in any closed, connected and 
orientable three-manifold when the gauge group is SU{3); in addition, many examples have been 
examined in detail. 

When the reduced tensor algebra is regular, we have found the general expression for the surgery 

operator and we have given the surgery rules to compute a generic observable in any closed, con- 
nected and orientable three-manifold; the invariance of the observables under Kirby moves has been 
proved explicitly. 

Starting from the partition function Z{M.) of the Chern-Simons field theory, i.e. the sum 

of the vacuum to vacuum Feynman's diagrams, one can show that I{M) = cxp{i{p) Z{M), with a 
suitable choice of the phase f, is a topological invariant of Ai. We have computed the CS topological 
invariant for various three-manifolds. Unfortunately, up to now, the topological interpretation 

of I{M) is not known. Toward this goal, we have investigated the relation between I{M) and the 
fundamental group 7ri(A^) of A^. In the case G = SU{2), we have proved that when |/(Lp/.,,)| 7^ 
depends only on 7ri(Lp/j.); also strong numerical evidence suggesting the same result holds when 
G = SU (3) has been produced. The generalization of the above result to any three-manifold is 
an open problem equivalent to proving or disproving the following conjecture: for non-vanishing 
, the absolute value | \ only depends on the fundamental group 7ri(A1) . 

The last chapter is devoted to the relation between two-dimensional conformal field theory 
and three-dimensional Chern-Simons field theory. The point of view usually adopted in the existing 
literature is reversed. We do not follow the approach pioneered by Witten in which two-dimensional 
conformal field theory is the key tool in order to compute Chern-Simons observables, on the contrary, 
the attention is focused on three-dimensional field theory. We have shown that the celebrated results 
concerning the fusion rules for primary fields obtained by H. Verlinde can be proved by using the 
general properties of the surgery operator. 

In Appendix D we have included a quick review of some basic ideas of two-dimensional conformal 
field theory, with these tools in hand, a sketch of the original Witten's solution of Chern-Simons 
theory has been given. As we have stressed many times, the two approaches are quite different, 
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both from a theoretical point of view and from the point of view of practical computations. As 
shown in Appendix D, Wittcn's approach has a drawback: the relation between the renormalized 
CS coupling constant k and the level k of two-dimensional current algebra is ambiguous, indeed, 
the original Witten's guess is inconsistent. The easiest way to find the correct relation, perhaps the 
only one, is perturbation theory. On the contrary, the three-dimensional field theoretic approach 
presented in this thesis is free from ambiguities. Nevertheless, Witten's idea is fascinating, it gives a 
new insight on the relation between conformal invariance in two dimensions and general covariance 
in three dimensions, providing a beautiful connection between the WZW model and CS theory. As 
a matter of fact, the method that we have used in this thesis is really powerful and provides an 
excellent way to compute the CS observables; in particular, the surgery construction is transparent 
and many properties can be derived. 

Finally let us end with an open problem. Given a 3-manifold there are values of k for which 
/fc = 0; we argued that this problem is related to a breaking of the gauge invariance, however a rule 
to find the "forbidden" values of k is still missing. 



Appendix A 

The Wess-Zumino functional 



A.l Behaviour under smooth deformation 

In this appendix we shall discuss some useful properties of the Wess-Zumino functional T defined 
as 

1 



M 



\m = ^ n 



247r2 



M 



= Tr [{U-^dU) A {U-^dU) {U-^dU)] , (A.l) 

where M is an orientable 3-manifold and C/ is a smooth map from M to a compact and simple Lie 
group G. In addition, we have used a matrix representation of G. We shall first prove the T is 
invariant under a small deformation of the map U, i.e. 

Fm [U + dU] = Tm [U] . (A.2) 

By using the cyclicity of the trace one gets 

5Tm[U] = 1^ j 3Tr [(C/-^d5C/ - U'^ dUU'^ dU) h {U^^ dU) ^ {IJ-^ dU)] 



Let us note that 



(A.3) 



d [U-'^5U {U-^dU) A {U-^dU)] = 

[{U-^d6U - U-^{dU)U-^6U) A {U'^dU) A {U-^dU)] , (A.4) 



and 



Tr [U-^{dU)U-^5U A (U'^dU) A {U'^dU)] = 

Tr [U'^6UU-'^dU A [U'^dU) A [U-^dU)] . (A.5) 
By using equations ( |A.4| ) and ( [A.5| ), the variation ( [A. 3D of V can be written as 

6Tm[U] = I 2,dTY\U-^6U iU-^dU) ^ iU-^dU)] . (A.6) 
247r^ Jm 

Stokes's theorems implies that 

STm[U] = I 3Ti [U-^6U (U-^dU) A (U-^dU)] . (A.7) 
In our case dM = 0, thus equation ([A.7]) leads to 6T[U] = 0. 
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A. 2 Composition of maps 

We shall now proof the validity of equation ( |1.54| ) in Chapter 1. After a straightforward calculation 
one obtains 

T[UV] = T[U] + T[V] + A[U, V] , (A.8) 

where A is given by 

A[U,V] = / Tr[V-'^<PiU) A<I>{U)V A<I>{V) + V<i>{V) A <^{V)V-'^ A <I>{V)] . 

For sake of simplicity we have introduced the Lie algebra valued 1-form ^(U) defined as 

$([/) = U'^dU . (A.IO) 

It should be noted that ^{U) is the pull-back of the Maurer-Cartan form on G under the map U. 
One can easily verify that the 3-form appearing in A is exact; indeed one gets 

[V'^^iU) A ^{U)V A ^{V) + V^{V) A <^{V)V~^ A <^{V)] = d [U^'^dU A dW'^] . 

(A.ll) 



By taking into account equation ( A.ll ) and by using Stokes's theorem, equation ( A.8 ) can be 
written as 

T[UV] = T\U] + T\V] + I TT\U-^dU AdV-^V] . (A.12) 

24vr^ Jqm 

In our case dM = 0, thus equation ( A.12| ) leads to equation ( [1.54 ). 



A. 3 Normalization: G = SVi2 



In order to determine the normalization for the Wess-Zumino functional when M = 5*^, we only 
need to consider the case G = SU (2). One can represent as B? in which the points on the surface 
|xp = a are identified in the limit a — > oo. The map U must satisfy the following condition 

Jim U{x) = Uoo . (A.13) 

\x\^oo 

The map U can be chosen in the following way 

U{x) = exp[ia-nf{\x\)] , (A.14) 

where fi = x/\x\, a = {ai, (72,(73} are the Pauli matrices, and / is a smooth function. By using the 
identity <?((? ■ n) = nl + in A a, one obtains 



1 I .cos(/) sin(/) r ,^ ,^ .sin^(/),^ ^, 1 , „ 



(A.15) 



where /' is the first derivative of / with the respect to its argument. After a rather tedious 
calculation we arrive at the following expression for the Wess-Zumino functional 



A.3 Normalization: G = SU(2) 
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By introducing the radial coordinate r = the integral in ( A.16| ) is easily computed with the help 
of spherical coordinates. Indeed 



~ / sin^iDdr = - siv? ydy 

Jo [dr J ^Jf{0) 



/(oo) - /(O) - isin(2/(oo)) + ^ sin (2/(0)) 



vr 

The final result is the following 

T[U] = TT-l 

Condition ( A.13| ) implies the constraint 

lim /(r) = mn m G Z , 

r^oo 

in addition we also need that /(O) = 0. These conditions lead to 

T[U] = m . 



(A.17) 



(A.18) 



(A.19) 



(A.20) 
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Appendix B 

Elements of knot theory 



B.l Ambient and regular isotopy 



In this appendix some basic notions of knot theory are introduced, a more complete treatment can 



be found in ^|. 

A knot C in a manifold M is a subset of M homeomorphic with , i.e. there exists a continuous 
map / with a continuous inverse, such that / : C ^ . A link L in M with m components is a 
collection of m non intersecting knots in M. In this appendix we shall deal with knots in E? or . 
For notational simplicity we shall refer to knots in E?^ it is understood that everything applies also 
to the /S^case. 




III 





Figure Bl 



Given two knots Ci and C2, they are ambient isotopic if there exists a homeomorphism h such 
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that /i(Ci) = C2 and in addition h is the end map of the following homotopy 

ht: ^ t£ [0, 1] , 

ho = identity , 

hi = h . (B.l) 

The property of Ci and C2 to be ambient isotopic is denoted by Ci = C2. We shall call C unknot 
when it is ambient isotopic to a knot having the same homotopy type as a point, i.e. C can be 
shrunk continuously to a point. 

A useful graphical representation of links in in terms of diagrams is obtained by projecting 
the links on a plane. Conventionally, admissible link diagrams contain simple crossings only. By 
means of link diagrams the ambient isotopic equivalence relation can be reformulated in terms of 
the Reidemeister moves shown in figure Bl. 

Given two link diagrams Dli and DI2, they represents ambient isotopic links Li and L2 if and 
only if one can obtain Dli from DI2 by using a finite sequence of Reidemeister moves. For our 
purposes, we need to consider oriented links. In a link diagram the orientation is introduced by 
considering oriented strings. The over-crossing L+ and under-crossing L_ configurations occurring 
in a allowed link diagram are shown in figure B2. 




L+ L. 



Figure B2 



It is worth to point out that Reidemeister move of type I is peculiar. Indeed, differently from 
types II and III, only a single string is involved. Starting from this consideration, one introduces 
the notion of regular isotopic links which will play a crucial role in the Chern-Simons theory. Let 
us consider two link diagrams Dli and Dl2- They are regular isotopic if Dli can be obtained from 
DI2 by using a finite sequence of Reidemeister moves of type II and III only. 

Prom the definition, the notion of ambient isotopy admits a clear topological interpretation and 
it introduces an equivalence relation on the set of links in . On the contrary, the notion of regular 
isotopy is inherited from link diagrams; the question is: "does there exist a geometric interpretation 
of regular isotopy invariance beyond the link diagram level ? " 

The answer to this question is positive: regular isotopic link diagrams can be interpreted as rep- 
resenting ambient isotopic bands. Indeed, one can imagine to replace the strings composing a link 
by oriented bands (see figure B3). The topology of the link does not change, however, for each 
component Ci one needs to specify an additional bit of information: the twist T{Ci). The twist 
variable T{Ci) represents how many times the band corresponding to Cj is twisted. Clearly, the 
twist is an ambient isotopy invariant for bands. 

In order to complete the connection between ambient isotopic links made of bands and regular 
link diagrams, we have to specify the twist T{C) of knot C in terms of some regular ambient isotopy 



B.l Ambient and regular isotopy 
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(a) 



(b) 



Figure B3 



invariant of C. Let us introduce tiie writhe of the hnk diagram Dl as 

WR (Dl) = 



(B.2) 



xeL 



where x represents a generic over-crossing or under-crossing in Dl, and 

6(L+) = 1, e(L_) = -1 . 



(B.3) 

It is straightforward to verify from the definition ( |B.2| ) that the writhe of a link diagram is a regular 
isotopy invariant. Indeed, the writhe can be written as 



WR (Dl) = n+ 



n_ 



(B.4) 



where n+ and n_ are the number of over-crossings and under-crossings. The relation between the 
writhe of a link diagram Dl associated with the knot C is prescribed to be 



WRiDl) = T{C) 



(B.5) 



In chapter 1 we have introduced the framing prescription in order to properly define composite 
Wilson operators. The knot C and its framing Cf can be considered as the boundary of a band, 
and one can naturally interpret framed links as links made of bands. With the vertical framing 



convention (B^), oriented framed links and links made of bands are in one to one correspondence. 
A representative element of the class of ambient isotopic knots with a framed and oriented knot 
C is uniquely associated with an element of the class of regular isotopic diagram Dl of C in the 
following way 



lk{C, Cf) = WR{Dl) 



(B.6) 



For sake of simplicity, we shall denote the writhe of an element of the class of regular isotopic link 
diagrams associated with a framed and oriented knot C simply by WR(C). In general the linking 
number between two framed and oriented knots Ci and C2 can be expressed as 



lk{Ci,C2) = \ [WR{L) - WR(Ci) - WR(C2)] 



(B.7) 



where L is the link obtained by the union of Ci and C2. The linking number is an ambient isotopy 
invariant for oriented knots. 
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B.2 Link invariants 

A link invariant is a function 

L I f{L) (B.8) 

which assigns to each link L an object f{L) in such way that, if Li and L2 are ambient isotopic, then 
f{Li) = /(L2). By using a similar definition one can also consider invariants for regular isotopic 
links. In the previous section, a numerical invariant for ambient isotopic links, the linking number, 
and a numerical invariant for regular isotopic links, the writhe, have been defined. 

The Jones polynomials V {L; q) in the variable with integer coefficients satisfy the 
following properties 

i) ambient isotopy invariance; 

ii) V {Cu, q) = 1 , where Cu is the unknot; 

m)qV{L+) - q-^V{L^) = (q^ - g"^) V {Lo)- 

Property iii) is called skein relation; it relates the invariants of skein related links. The links -L_ 
and Lq are skein related if they can be represented by link diagrams which are identical except for 
a small part contained inside a fixed open disc as shown in figure B4. 



Figure B4 



Another polynomial invariant naturally arises in the Chern-Simons field theory: the S poly- 
nomial S (L; a, /9, z), which is essentially a generalization of the Jones polynomial. S {L; a, (5, z) is 
defined in the following way p8| 



i) regular isotopy invariance; 

ii) 5 (Cu) = 1; 

iii) 5(L(+)) = a5(L(0)) , ^(lH) 

iv) (3S{L+) - p-'S{L^) = zS{Lo). 



a 



15(L(0)); 



The skein relation corresponding to L^~^\ ^ and L^^^ is shown in figure B5. Equations iii) and 
iv) satisfied by S generalize the Skein relation of the Jones polynomials. It should be noted that. 



B.3 Artin braid group 
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starting from the regular isotopy invariant S, an ambient isotopy invariant S can be introduced; 
indeed 

S{L;a,p,z) = a'^^^^'^ S {L;a, (3, z) . (B.9) 




Figure B5 



B.3 Artin braid group 

The construction and computation of hnk invariants can be put in an algebraic framework; one of 
the key ingredients toward this goal is the Artin braid group [26| j. 

The standard presentation of the Artin braid group Bn is given in terms of (n — 1) generators 
{ffij ■ ■ ■ ) 9n-i} satisfying the following relations 

9i9j = 9j9i, K-j|>l , (B.IO) 
9i9i+i9i = 9i+i9i9i+i, i<n-l . (B.H) 

A very useful graphical representation of can be provided in terms of n oriented strings. The 
effect of gi on the strings is represented by an over-crossing between the i**^ and i + 1**^ string 
originally parallel as shown in Fig.BTa. In the same way the effect of gi~^ is obtained by replacing 
the over-crossing by an under-crossing. For instance, in Fig.B7b is shown the elements a = 92^^91 
of Bn- Clearly, the constraints ( |B.10| ) and ( [B.ll| ) are satisfied. 

It should be evident that action of gi, gf^ and the identity on the strings precisely corresponds to 
the L_(., L_, and Lq admissible configurations encountered in the diagrams describing the projection 
of a link on a plane. The correspondence can be made more closely by noting that the invariance 
under Reidemeister moves of type II and III reproduces exactly Eqs ( |B.10 ) and ( |B.11| ). In other 



words, the constraints among the generators of Bn are the algebraic statement of regular isotopy 
invariance. Also Reidemeister moves of type I can be recovered by taking into account the closure 
of the generic element a S Bn- The closure cj of a S Bn is obtained by connecting the end points 
of the graph associated with cr in a orientation preserving way as shown in Fig.BS. 

As results, the graph associated with the closure of an element of Bn corresponds to a link 
diagram. However, care must be used in the identification between the closure of braids and link 
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1 i i+1 n 




(a) 



(b) 



Figure B7 



diagrams. Indeed, given two braids ai, a2 S that belong to the same conjugacy class, i.e. 
there exists a G such that ai = a~^a2cr, the corresponding closures cfi and (72 give link diagrams 
connected by Reidemeister moves of type II. Therefore, in order to make contact with link invariants, 
conjugate elements of Bn must be identified. The conjugacy class of an element a of Bn will be 
denoted by and its closure with (o")^. Clearly, Bn admits a natural inclusion in -Bn+i- Any link 
diagram can be obtained as the closure of direct sum B^o = Q'^i Bi of braid groups, the natural 
inclusion is understood. By construction, any function defined on the conjugacy class of Boo gives 
rise to a regular isotopy link invariant. 
Example 

Consider the map / : B^o — > Z such that 



f{gi 



1 



(B.12) 



One can verify that the resulting regular isotopy link invariant coincides with the writhe. 

When ambient isotopy invariance is concerned, one must provide a way to take into account 
Reidemeister moves of type I. The key observation is that the closure of {cr)n and the closure of 
{a gn^)n+i correspond actually to link diagrams related by a Reidemeister move of type I. Thus, 
the correspondence rules between the closure of braids and diagrams of ambient isotopy links can 
be stated as follows. Given two braids ai and (72, their closures di, (72 are associated with link 
diagrams corresponding to ambient isotopic links if ai and a2 are related by a sequence of Markov 
moves: Ml, M2 ^ 

Ml) o"! and a2 are conjugate elements of Bn , 

M2) if ai e Bn then CT2 = ai gn^^ € Bn+i . 

Clearly, any function on B^o which is invariant under Markov moves, a Markov trace, defines an 



ambient isotopy link invariant. The Reshetikhin-Turaev [^, 12] invariant is defined starting from an 
R-matrix representation of Bn associated with a q-deformation of the universal enveloping algebra 
of SU{2). 



B.3 Artin braid group 
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(a) (b) 
Figure B8 
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Appendix C 

Miscellaneous results 



C.l The SU(3) Hopf matrix is non singular 

For G = SU{3) and for a fixed integer A; > 3, let us consider the values { H[{m, n), (a, b)] } of the 
Hopf link for (m, n) £ and (a, b) S A^,. These complex numbers can be understood as the matrix 
elements of a symmetric matrix called the Hopf matrix H. The elements of the standard basis of 
7(fc) are { ^'[a, b] } with (a, b) £ A^; to simplify the notation, we shall denote them simply by {ipi} 
with the collective index i running from 1 to the dimension of T'(^k)- The element ipi corresponds to 
^'[0, 0] and, ipi represents ^[a,b], then ipi* denotes ^[b,a]. The matrix elements of H are 



Hij = H[Tpi, Tpj] 



(C.l) 



We shall prove that H is invertible. 
First of all, let us evaluate . 



By definition, one has 




(C.2) 




these geometric finite sums gives [35, 36] 




(C.3) 



This equation shows that the Hopf matrix H is invertible; indeed. 




(C.4) 



A simple consequence of Eq. (|C.3| ) is the following 




(C.5) 



m 



m 



where b(k) is defined as 



b{k) 



3k^ 



(C.6) 



256 sin®(7r/A;) cos' 



i2(7r/fc) 
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C.2 On the SU(3) reduced tensor algebra structure constants 

The main purpose of this appendix is to show that the structure constants of the SU{3) reduced 
tensor algebra verify the relation Nij,^ = Ni*^j. 

Let us recall that the elements of the standard basis of T^^) are denoted by { V'i } ) and the unit 
element of the algebra by Tpi. 



^ropeH^^^^J The structure constants of Tij,^ verify 

Niji = 5ij* = 5i*j . (C.7) 



Proof. When k = 1 and k = 2, the validity of eq.( C.7 ) can easily be verified by direct inspection of 



the expressions given in Sect. 4. 2. 4 and in Sect. 4. 2. 5. Let us concentrate then on the case A; > 3. In 
Sect.C.l we have proved that the Hopf matrix H satisfies 

{H^)^^ = h{k)5,,, . (C.8) 

Since Hij represents the value of the Hopf link, by using the connected sum formula ( ^.40[) , one 
finds 

= E^o["^HW^(Ci,C^2,C3;V'i,V'„V'm)>l53 , (C.9) 

m 

where {Ci,C2,C3} are the three (framed) components of the link shown in Fig. CI. By using the 
satellite relations ( |2.32| ) and eq.( |C.8D , one obtains 

{H^)ij = Y,mj„,Eo[m]Hmn . (C.IO) 

n, m 

Finally, Eqs.(|ClO|), Q and lead to 

{H^).^ = b{k)N,,i = b{k)5^,^ , (C.ll) 
which shows that eq.(p.7|) is satisfied. □ 



Let us introduce the complex valued linear function T which is defined on the elements T[k)- 

;andard basis of T(;j) is defined as 

= 6ij . (C.12) 



The action of on the elements of the standard basis of 7^;,) is defined as 



From Property CI, it follows that 

Ti^PiiPj) = Niji = 6ij* . (C.13) 
Consequently, by means of the structure constants Nijm can be written as 

J^{lpi1pjlpm*) = Njjn J^jlpnlpm*) = Nij^ ■ (C.14) 

n 

Since 7^^) is a commutative and associative algebra, one has 

Nijm = T{i>ii>ni'1pj) = Nim-j* ■ (C.15) 

At this point, one can use the relation Nijm = Ni* (see eq.( p.ll ) to get the final result 



Nijm — Ni*rnj ■ (C.16) 



C.3 Normalization of surgery operator for SU(2), k > 2 



147 




Figure C.l 



C.3 Normalization of surgery operator for SU(2), k > 2 

The value of a{k) and 9^ when G = SU (2) is obtained by evaluating the sum 

fe/2-l 



(C.17) 



j=o 



Alternatively, one can extend the sum over < J < 2/c — 1 simply by introducing a factor 1/4, i.e. 



2k-2 



(C.18) 



j=o 



Eq.(C.18|) is a trivial consequence of Property 4.4. From the expression (|3.3D for Eq[J] one gets 



-1/4 



4fc-l 



2 y 



^(s+2)2/4 



+ 



4(gl/2 _ 

with s = 2J + 1. A straightforward calculation gives 

7 - 

^(+) 2 (,V2 _ ,-1/2) ^ 

Let us now recall the definition of Gauss sum m) []53| 



4fc-l 



l/2\ E 



2/4 



2gg 



s2/4 



m—1 



S{n, m) = exp ^27ri 



x=0 



n 



Thus, by using ( p.21| ), Eq.( p.2C| ) can be written as 

pj37r/(2A:) 



Ai sin(7r/A;) 



5*(1, 4A;) 



(C.19) 



(C.20) 



(C.21) 



(C.22) 



In particular, when n = 1 one has ^ 



5(1, m) 



(1 + i). 


^/m if m 


= 


mod 


4 




if m 


= 1 


mod 


4 





if m 


= 2 


mod 


4 


iJrn 


if m 


= 3 


mod 


4 



(C.23) 
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Fron eg . (10.221) and eq. (|C.23D one has 



On the other hand we have 



thus 



= ^[sin(.A)]-^e-ik3(.-2) , (C.24) 



Ok = -^2,{k-2) ■ (C.26) 

a{k) = ^sin(7r/A:) . (C.27) 
V A; 

C.4 Normalization of surgery operator for SU(3), k > 3 

The value of Zq, defined in eq. ( |6lT5| ), has been computed in Sect.C.l. In this appendix we shall 
compute Z+i (see eq.( 6.116|) ) when /c > 3. Let us recall that the elements of the standard basis of 



7(fc) are { ^'[m, n] } where the couples (m, n) label the points of the fundamental domain defined 
in Sect. 4. 2. 3. Since the value of the unknot vanishes on the points which belong to the boundary 
of Afc, eq.( |6.11(^ ) can be written as 



k-2 k-2-m 



^(+) = E E <f^'^'''^ El[mM . (C.28) 



m=0 n=0 



By using the correspondence rules given in Sect. 4. 2. 3, it is easy to verify that the sum appearing in 
eq.( p.2^ ) can be extended to the region < m < (4A; — 1) and < n < (3A; — 1) provided that we 
divide by a factor 24 = 4 x 3 x 2. Thus, 



4A;-13fc-l 

= ^ E E 'P^'^^''^ El[m,n\ . (C.29) 



m=0 n=0 

By inserting in expression ( p.29| ) the values Q{m,n) of the quadratic Casimir operator and the 
values EQ[m,n\ of the unknot, one finds ||3^, ^ 

^ 4fc-13fc-l c o 

^« = ^EE (i---) (!+-■-) 

m=0 71=0 

I g-*||K+«(m-3)]g-i|f (m2-3m) _ 2g-i|| [n^+mn] ^-iff (m^-Sm+S) 

+2e-^t ["'+He-*t("'+6) + 2e-*tK+"('"+3)]g-i|f (m2+9) 
-2e"'^t"''+"^'"+'^)]e"*i^('"''+^^) + e-^i¥K+"(™-3)]e-*ll(™'+3™+6) 

-2e"*^["^+""']e"*S("'^+'^"'+^^) + 2e"*i^["^+"('"+^)]e"'S("'^+'^™+^^) 

_^g-i|f [n2+n(m+6)]g-j||(m2+6m+18) _ 2g-i|| [n^+n(m+9)] (m2+6m+21) 
_^g-i|f [n2+n(m+3)]g-i||{m2+9m+18) _ 2g-i|| ["^+"(^+6)] g-i|| (m2+9m+21) 
^^-iU['^^+n{m+9)]^-i^im^+9m+24) | _ ^^_3q^ 



C.5 The value of I(i:g x S^] 



149 



The sums appearing in expression ( C.30 ) have the form of generahzed double Gauss sums. In order 
to evaluate this expression, we need to recall a few properties of the Gauss sums. 
Let F{x, y, a) be the function (generalized Gauss sum) 



e y 



11 \. / 



(C.31) 



n=0 



where y (with y > 1) and a are integers. At this point we can use the reciprocity formula [^] for 
the generalized Gauss sums 



|c|-l 
n=0 



g 4ac 



|a|-l 

E 

n=0 



where the integers a, b, c satisfy the relations 

ac 7^ , ac + 6 is even 

With the help of (lOS^) , one gets 



F{y,a) 



(C.32) 



(C.33) 



(C.34) 



Eq.( C.3'| ) can be used to compute -^(+1)- Indeed, each term entering expression ( C.30I ) consists of 
a double generalized Gauss sum. By using eq.( p.34 ) twice, each term can be evaluated explicitly. 
The final result is 



(+) 



16 cos (vr//c) sin (ir/k) 



(C.35) 



A nontrivial check of eq.( C.35| ) is the following. The product -^(+) = I -^(+) | coincides with 
Zq given in eq. ( |6TT^ ). This means that the result (|C.35|) is in agreement with Property C2. 



C.5 The value of I(S^ x S^' 



In this section, we give the explicit derivation of eq.(^T7). The manifold T,g x can be obtained 
from X by "adding g handles". As we have shown in Sect. 6. 7. 3, each handle admits the 
decomposition ( 6.83| ). When k = 5, the non- vanishing values of the //-coefficients are shown in 
eq.( |6.93|) . Therefore, in order to compute /(S^ x S^), we need to consider the manifold S"^ x with 
g punctures on S'^ where each puncture has colour "^fi = 6^'[0, 0] + 3^'[1, 1]. We shall decompose 
the resulting colour state 



gh 



= 3^ (^[0,0] + ^[1,1] 



(C.36) 



and, because of Eq.( |6.66| ) or rather by using Theorem 6.5, we need to find the coefficient r]gh{0) of 
^[0,0] in this decomposition. From ( |6.92| ) one has 



^'[0,0]^' [0,0] = ^-[0,0] , ^[0,0]1'[1,1] = ^[1,1] 
^'[1,1]^'[1,1] = ^'[0,0]+^'[l,l] . 



(C.37) 



Therefore, if "ifh denotes the state 



= ^[0,0] + x^'[l,l] 



(C.38) 
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where a; is a root of the equation = x + 1, one gets (for n > 2) 



The state 2^'[0, 0] + ^[1, 1] can be written as 

2^'[0,0] +^-[1,1] = x"^ ((2x + l)^[0,0] + ^;,; 
Consequently, from Eq.( p.3(^ ) it follows that 



39 (2x - ly 
x9 {x + 2) 



X + 1 + 



x + 2 
2x-l 



The two possible values of x are (1 ± Vb) /2. Therefore, Eq.(|a4ll) becomes 



+ 

Since the equation = x + 1 defines the recursive relation 

x9 = F{g)x + F{g-1) , 
for the Fibonacci numbers { F{g) }, the value of the invariant 



can be written in the final form 

39 59/2 jp^g _ 1) ^3(^+1) /2 



for (7 even ; 



39 5{9-i)/2 ^ _ 2)] ^3 + 1) /2 for 5 odd , 

which is the equation reported in section 7.3. 



C.6 Proof of ( 17:^31) 



Lemma C2 I Let a, b two integers, with (a, b) = 1 and b > 2 even; one has 



1 ( mod 2b) 



(C.39) 



(C.40) 



(C.41) 



(C.42) 



(C.43) 



(C.44) 



(C.45) 



(C.46) 



Proof The proof consists of two parts: firstly, it is shown by induction that Lemma C2 holds when 
5 = 2™ with m > 1 integer. Secondly, equation ( C.46| ) is proved when 6 = 2™ c with m > 1 and 
c odd integer. 

Since b is even, a is clearly odd and can be written in the form a = (2/ + 1) . When b is of 
the type 6 = 2™, the condition b > 2 implies that m > 2 . Let us now consider the case m = 2; 
one has <j){b) = 0( 2^ ) = 2 , therefore 



(2/ + 1)2 = 1 + 4/(/ + l) = 1 {mod2' 



(C.47) 



C.6 Proof of (ffresD 
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Thus, Lemma C2 is satisfied when 6 = 2^. Suppose now that equation ( C.46 ) holds when 6 = 2" 
for a certain n. We need to prove that (C.46) is true also for b = 2^"'^^) . Indeed, (f){2'"^^ ) = 2" 
and one gets 



(2/ + ^ ^(2/ + 

By using the induction hypothesis 

(2/ + ^ ^ ^ ^2"+^ 

one finds 

(2/ + 1)'^(2")1^ = 1 + 2"+2iV (1 + 2"iV) = 1 (mo(i2"+2; 



(C.48) 



(C.49) 



(C.50) 



Therefore, equation ( C.46 ) is also satisfied when b = 2^""^^^ . To sum up, for m > 1 and a odd, 
one has 



(C.51) 



Let us now consider the general case in which 6 = 2™ c with c odd integer. From Euler's Theorem 
1 53 1 it follows that 



am = I i^rnodb) a*'^^^ = 1 {mode) . 

On the other hand, </>(2™c) = 0(2™ )0(c) and, for m > 1 , equation (|C.5lD implies 



Since (2™'^^,c) = 1 , from equations (|C.52D and ( C.53D one gets 

a'^(^) = 1 {mod2'^+^c) = 1 {mod 2b) 
Finally, we need to consider the case b = 2c. Since (j){c) is even, one gets 

^0(2c) ^ [1 + 4J.(J.+ l)]0W/2 ^ ^ (W22) 

Equations ( p.51| ) and ( p.55| ) imply 

a-^^^c) = I {mod2^c) 

This concludes the proof. 



(C.52) 

(C.53) 

(C.54) 

(C.55) 

(C.56) 
□ 
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Appendix D 

Conformal field theory in two 
dimensions 



D.l Introduction 

There is deep connection between Chern-Simons theory in three dimensions and two-dimensional 
conformal models. The '89 Field medal winning paper by Witten, which drew the attention of 
both mathematicians and physicists community on CS theory, is based heavily on the properties 
of the conformal blocks of the Wess-Zumino- Witten model. In this appendix we shall give a brief 
introduction to some widely used techniques in the study of conformally invariant models in two 
dimensions; with these tools in hand, we shall review the original Witten's solution of the Chern- 
Simons theory. This should permit a critical comparison with the alternative method presented 
in this thesis. Extensive reviews on CFT, with complete references, can be found for example in 



5|, |6^, in particular in this appendix no attempt is made to touch important applications 



of conformal invariance to statistical mechanics. 



D.2 Conformal invariance 

Let us consider an n-dimensional manifold with a metric g. A diffeomorphism gives rise to a 
conformal transformation when 

g',uix') = ef^-U,Ax) , (D.l) 

where g'^y{x') is the transformed metric. The infinitesimal form of ( p.l| ) leads to the conformal 
Killing's equation 

V^e^ + V^e^ = fgf^u , (D.2) 

the vector field is the generator of the transformation. When g is the flat n-dimensional Euclidean 
metric r/, Eq. (|D.2D can easily be solved. The conformal group for n-dimensional Euclidean spacetime 
is isomorphic to SO{n + 1,1); the (n + 2)(n + l)/2 generators are associated with the following 
transformations : 

1. rigid translations x'^ = + ; 

2. dilatations x"^ = e'^ x^ with A constant; 

3. Lorentz transformations x"^ = K^y x'^ ; 

4. special conformal transformations x'^ = ^ -2b^x + b^x'^ ' with b'^ a constant vector, and x^ = 
x^^x^-q^u- 
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Let us consider a Poincare invariant classical field theory. By definition, the variation of the action 
under an infinitesimal local translation ^ + e(x)^ is proportional to the energy-momentum 



tensor 



= ^ I d^xT^'^S^e, . (D.3) 



From the conformal Killing's equation ( D.2 ), it follows that a sufficient condition for a Poincare 
invariant theory to be conformal invariant is a traceless energy-momentum tensor. A scale invariant 
theory can always be provided with a traceless energy-momentum tensor, at least when n > 2. 
What happens when we try to quantize a classical scale invariant theory ? At the quantum level 
one is in trouble from the very beginning, in order to make a quantum field theory meaningful the 
renormalization procedure must be undertaken. However, no matter which scheme one uses, renor- 
malization spoils the classical scale invariance. Indeed, the values of the renormalized parameters 
of the theory must be provided at some arbitrary energy scale. The breaking of the scale-invariance 
in the quantum theory is made explicit by the Callan-Symanzik's equation for the renormalized 
correlation functions. In general, scale invariance at the quantum level is doomed to fail, however 
in some particular case there is a way to escape. There exist models for which one can fine tune 
the parameters in such a way that the beta function vanishes; in other words, the fixed point of 
the renormalization group in the space of the parameters is selected and scale invariance is recov- 
ered. Nevertheless, when n 7^ 2, conformal invariance doesn't provide too stringent constraints: it 
enables one to fix the form of the two and three point function. On the contrary, in two dimen- 
sions something special happens: it turns out that the conformal group is infinite dimensional, or 
more precisely, the algebra of the infinitesimal conformal transformations is an infinite dimensional 
algebra, the celebrated Virasoro algebra. 

Let us consider equipped with the flat Euclidean metric. It is very useful to use instead of 
the standard coordinates t, x the following complex coordinates 

z = t + ix z = t — ix . (D-4) 

Any vector v^^ can be expressed as 

^ {v'',v~^), =7;° + iv^,v^ = - iv^ . (D.5) 

In the new coordinates the metric becomes 

r?a/3 = ( 1 ^ ) , ^"''=(20) «, /3 = ^ . (D.6) 
We shall often use the following differential operators 

' = -2[jt-'Tx)^ ' = Adi ^ 'Tx) • 

The conformal Killing's equation for rjajd assumes a simple form 

= 0, 9e = , 
de + Be = -]^f , (D.8) 

with = e and e = e^. Thus, infinitesimal conformal transformations are generated by holomorphic 
and anti-holomorphic vector fields. Moreover, consider the transformation 

z ^ z = h{z), z ^ z = h{z) ; (D-9) 



D.3 Conformal Ward identities 
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clearly it is a conformal transformation, indeed 

= 2r]'^,g,dz'dz' = 2r]^^[dhdh) dzdz . (D.IO) 

By adding the point at infinity, U {00} can be identified with the Riemann sphere, equivalent, 
from a topological point of view, to S"^. However, in general the transformations of the form (|D.9| ) 
cannot be regarded as the finite version of conformal transformations associated with holomorphic 
and anti-holomorphic vector fields; actually, the only global holomorphic maps of S'^ into S'^ are 
the Moebius transformations 

az + b s 

with a,b,c,d are complex numbers satisfying ad — cb = 1. Put differently, the group of global 
holomorphic maps of S'^ is isomorphic with SL{2, C)/Z2 . This result agrees with what we have found 
in the study of the general n-dimensional case, indeed SO{3, 1) ~ SL{2, C) /Z2. The existence of an 
infinite number of infinitesimal conformal transformations constrains severely a conformal invariant 
local field theory. 

D.3 Conformal Ward identities 

Let us consider the correlation function of some local operator Q{xi, ■ ■ ■ , Xn) 

{e{xi,--- ,Xn)) = Gnixi,--- ,00n) = [ D[ip]e-^^^^e{xi,--- ,Xn) ■ (D.12) 



The action functional S[ip], which depends on a set of fields denoted symbolically by 99, is supposed 
to be invariant under rigid translations. Consider a local infinitesimal translation, i.e. x^ — > x'^ = 
x^ + e^, ip'{x) — (p{x) = 6ip{x). The variation of the action is by definition the following 

5S = j d^xT'^.d^.e'' . (D.13) 

Clearly, because (/? is a dummy field in the path integral, the following identity holds 

j D[^'] e-^['^'] e'(xi, ■■■ ,xn) = I D[^] e-^['^] G(xi, • • • , x„) . (D.14) 

The statement of invariance at the quantum level of the theory corresponds to the freedom in the 
path integral on the left hand side of eq.( p.l4 ) to integrate over the old field ip instead of if' 



Z?[(p]e-^['^']e'(xi,---,:E„) = y Z)[<^]e-^['^]G(xi,---,Xn) . (D.15) 
Eq. (|Dl^ ), in the case of an infinitesimal local translation, leads to 



D[^]e-SM 1- [ d^xT^^.d^e^ G(xi,--- = -(5G(xi,--- . 

-I (D.16) 

Consider a vector field which is non- vanishing only in a region D, by using the conservation of the 
energy-momentum tensor and Stokes's theorem, one obtains the following conformal Ward identity 

(tt^ / (Tedz - Tedz) G(zi,--- ,z„; zi,--- ,Zn) = (5G(zi,--- ,z„; zi,--- , 
2m Jc 
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where 

T{z) = T,,{z), f{z) = n,{z) , 

e{z) = e\z), -e{z) = e\z) . (D.18) 

The curve C, anti-clockwise oriented, bounds the region in which the vector field e'^ is non-vanishing, 
and also contains the points xi,--- ,x„ as shown in Fig.D.l. Note that the conservation of the 
energy-momentum tensor and his property of being traceless are expressed as 

= ^ T,, = T,, = , (D.19) 
d^T^"" = ^ BT = and Of = . (D.20) 




C 

Figure D.l 



D.4 Operator product expansion 

A distinct role in conformal field theories is played by primary fields. A primary field (j){z, z) 
transforms under z ^ z'{z), z — > z'{z) as 

^'iz',z') = ^iz,z) , (D.21) 

h and h are by definition the conformal weights of the primary field <j). In particular, for an 
infinitesimal transformation 

z\z) = z + e{z), z'iz) = z + e{z) , (D.22) 

one gets 

5(l){z, z) = - {ed + hde) z) - [ed + hde) ^{z, z) . (D.23) 

Let us consider the consequences of eq.( p.l7| ) for a primary field. By using eq.( p.23| ), the conformal 
Ward identity can be written as 

-ir / {Te4){w,w)dz) = {{ed + hde) (piw , w) ) . (D.24) 

ZTTl r 

•J Oij; 



D.5 Central charge 
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For simplicity, we have written only the holomorphic part, the anti-holomorphic part being com- 



pletely analogous. As a consequence of Cauchy's theorem, eq.(D.24) determines the singular part, 
i.e the pole structure, of the product T{z) 4>{w^ w) 



- — -d(j){w,w) + — 

[z — W) \Z ~ w) 



T (z) (p{w , w) ^ -d(l){w,w) + :-^(l){w,w) . (D.25) 



The symbol ~ means that only the singular terms in the operator product expansion (OPE) are 
shown, on the other hand from eq.( p.2'j] ) only these singular terms can be determined. A similar 
expression is obtained for the OPE of the primary field (p with T 

T{z)(t){w,w) ,_ ^ _. d4){w,w) + ,_ ^ 4>{w,w) . (D.26) 
[z — w) ~ 

The consequences of the Ward identity are particular simple when a global conformal transformation 
is considered: the action is invariant and, in the absence of anomalies, the correlation functions must 
be conformally invariant 

{5e{zu--- ,zn; zu--- ,^n)> = . (D.27) 
Eq.( D.2'^ ) fixes the form of both the two and three point function for primary fields 

{(plizi, Zi) <))2{Z2, Z2)) = — r , 

(Zi - Z2y [Zi - Z2Y'^ 

C12 = 012(^/11,^2 h^,h2 ■ (^-28) 

Unless the two primary fields have the same conformal weights, the two-point function vanishes; 
one can also normalize the field in such way that ai2 = 1- For the three-point function one has 

{(l)l{zi, Zi) Ct)2{z2, Z2)(I)2,{Z^, Z^i)) =Ci23 



hi+h2-h3 h2+h3~hi hi+h3-h2 
^12 ^23 ^13 



^ (D.29) 



-hi+h2-h3 -h2+h3-hi -h\+h3-h2 
-12 ^23 ^13 



D.5 Central charge 

As we have seen, the singular part of the OPE of a generic field with the energy-momentum tensor 
is determined by the behaviour of that field under an infinitesimal conformal transformation. In 
particular, it is interesting to study the OPE of T with itself. 



By setting O = 1 in eq.(D.17), it follows that 

( / T{z)e{z) dz) = . (D.30) 



c 



In particular, when a global conformal transformation is considered, e{z) and the curve C can 



be taken as a circle surrounding the origin with an arbitrary radius. In order that eq.(D.30) holds, 
one needs that T{z) ~ as |z| — > 00. Moreover, by using translation and dilatation invariance, 
one can show that 

(r(z)T(o)) = 1^ , 

cl 
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where c is a constant. From eq.( D.3l| ) and from eq.( D.17| ), with & = T{0), one has that 

c e{z) 



1 

2^1 



c 



2 



dz 



-{6T{0)[ 



thus 



c d^e I 
12 di3l2=o 



(D.32) 



(D.33) 



On the one hand the energy-momentum tensor transforms as a primary field with weight 2 under 
a global conformal transformation, on the other hand eg. ( p. 33 ) shows a non primary behaviour 
under a generic infinitesimal conformal transformation. The minimal assumption, consistent both 
with eq.( D.33| ) and with the primary behaviour of T(z) under SL{2,C) is the following 



snz) 



-^g-2T(.)*(.) 



-e{z) dT{z) 



The conformal Ward identity and eq.(D.34) lead to the OPE 



r(z)r(o) 



c/2 



~ - — + 

4 ^ 



% r(o) + - dT{o) 



Z 



(D.34) 



(D.35) 



r(z)r(o) ~ ^ + A r(o) + - df{o) . 

z^ z 
Finally, the independent character of the transformations on z and z leads to 

r(z)T(0)~0 . 



(D.36) 



(D.37) 



The constant c in the OPE is the central charge. Eq.( p.33| ) can be integrated to obtain the behaviour 
of the energy- momentum tensor under finite transformations, the result is 



T'iz') = 



dz' 

dz 



T{z) - - {z', z} 



Where {/(z), z} is the Schwarzian derivative, defined as 



dz^ 



dz^ 



One can verify that {w{z), z} = 0, when 



■w{z) 



az + h 
cz + d 



ad — be 



1 



(D.38) 



(D.39) 



(D.40) 



In general, a field transforming as a primary one under a global conformal transformation is called 
quasi-primary. 

As a simple example, one can consider a free scalar field; it is straightforward to verify that c = 1; 
the energy momentum-tensor is defined by considering the normal ordered classical expression. Also 
the case of a free Majorana fermion can be easily worked out; one finds c = 1/2. Because the energy- 
momentum tensor for non-interacting fields is the sum of the energy-momentum tensors associated 
with the single fields, the central charge is additive for these models. From a physical point of view, 
the central charge probes the behaviour of the theory when a macroscopic scale is introduced. As 
an example, let us consider a theory on M^, and define the energy- momentum tensor such that 



(D.41) 



D.6 Virasoro algebra 
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One can map the complex plane into a cylinder of radius L by the following conformal transformation 
(note that is not a globally holomorphic map ) 

z ^ w = — \nz . (D.42) 
27r 

By using eq.( p.38| ), the expectation value of the energy momentum-tensor in the cylinder is given 
by 

A Casimir energy, proportional to the central charge has come out. 



D.6 Virasoro algebra 

Up to now we have used the path integral formalism; no operator acting on some Hilbert space 
has been introduced; in this section we shall fill the gap. In conformal field theory there exists a 
peculiar way to introduce the canonical formalism: the radial quantization. The idea is to choose 
as monotonic "time" coordinate on the complex plane simply In 1^1 ; as a result, the equal time lines 
will be circles around the origin. Given two bosonic operators ^i{zi) and 1^2 (-22)) the radial ordering 
is naturally defined as 



fliz{)^2{z2) if 

¥'2(^2) '■Pli.zi) if 



(D.44) 



If no specified, operators are understood to be radial ordered. The radial quantization is particularly 
useful because one can represent the commutator between the "charge" operator associated with a 
symmetry and a local operator as a contour integral. Indeed, define the operator A as 



A 



a{z) dz 



(D.45) 



For contour integrals we shall use the following notation: when no specified, the contour surround 
the origin, otherwise §^ denotes a contour integral around the point w. Prom the definition of radial 
order and from the holomorphic character of the fields, it follows that 



[A ^{w)] 



a{z) ip{w) dz 



(D.46) 



Eq.( D.4^ ) is remarkable; given the charge operator A, the action of the associated symmetry on a 
local field is determined only by the singular terms appearing in the OPE between the current from 
which the charge is derived and the local operator. A key role is played in conformal field theory 
by the current associated with local conformal symmetries: the energy-momentum tensor. Let us 
consider the charge 



Qe 



e{z) T{z) dz 



(D.47) 



From eq.( D.23 ) one has 



5(t){z) = -{ed + hde) 0(z) = [Q„ 0(z)] 



(D.48) 
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As usual, a similar relation for the anti-holomorphic part is understood. One can Laurent expand 
T{z) around the origin in terms of modes 

T{z) = Y^z-^-^Ln , (D.49) 
K = ^ I z'^+^T{z)dz . (D.50) 



2m _ 

Similarly for the anti-holomorphic part one has 

f{z) = ^"""'^n , (D.51) 



= — (f) ^"+1 f{z) dz . (D.52) 



27ri 

The charge can be expressed in terms of modes L„ as 

Q, = Y^nLn , (D.53) 



with 



e(z) = 5^6,^"+^ . (D.54) 

By using Eq.( p.35 ), ( D.36 ) and the mode expansion of the energy momentum tensor, one can easily 
derive the commutation relations between {L^} and {Ln}- The result is 

[Ln, Lm] = {n-m)Ln+m + J^'^i'^'^ ~ ^n+m,0 , (D.55) 
[Ln, Lm] = {n-m)Ln+m + ]^ ""(^^ " 1) 6n+m,0 (D.56) 
[Ln,Lm]=0 ■ (D.57) 



The operators {Ln, L^}, together with the commutation relations of eq.( p.57 ), represent a pair of 
infinite dimensional algebras Vir x Vir. The algebra Vir is the Virasoro algebra. The sub-algebra 
generated by {-L±i, Lq} is associated with global conformal transformations. In particular Lq is the 
generator of dilatations, as one can infer from 

[Ln,<p{w,w)] = h{n + l)w'^ (j){w, iv) + w'^^^d4){w, w) n > -1 

(D.58) 

In the radial quantization, dilatations correspond to "time" translations, thus Lq + Lq, apart from 
an additive constant, plays the role of the Hamiltonian. In particular, if one sets to zero its vacuum 
expectation in the case of plane geometry, it follows that 

H = Lo + Lo - ^ . (D.59) 



D.7 The Hilbert space 

In quantum field theory one postulates the existence of a cyclic vacuum state | ) from which the 
entire Hilbert space is built up by acting on | 0) with local operators. To any primary field (p{z,z) 
one associates an asymptotic "in" state by 

\(p) = lim (p{z,z)\0) . (D.60) 



D.8 Operator algebra and conformal blocks 
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Given a quasi-primary field (p{z, z) its Hermitian conjugate is defined as 

[<t>{z,z)]^ = z-'''z-^~^^{l/z,l/z) . (D.61) 
The definition ( D.61 ) is chosen in such way that the scalar product {(j)out\4'in 

) = (0|4>m|0) is wen 



defined, as one can verify from the explicit form ( D.2j ) for the two-point function 



As we have seen, the algebra Vir x Vir generates the fundamental symmetries of a conformal 
invariant theory, then it is natural to seek for a Hilbert space carrying a representation of this algebra. 
First of all, note that the requirement of invariance of the vacuum state under global conformal 
transformations and that T{z)\0) makes sense (as well as its anti-holomorphic counterpart), lead to 

Ln\0) = 0, Ln\0) = n>-l . (D.62) 

A highest weight representation of Vir x Vir, or more precisely a module, is obtained starting from 
the highest weight state 

\h,h) = 0(O,O)|O) . (D.63) 

Because the holomorphic and anti-holomorphic parts of the algebra commute, they can be analyzed 
separately; once a relation involving the holomorphic part is found, the same relation for the anti- 
holomorphic part holds, for this reason we shall pay attention to the holomorphic part only. From 



( D.5q ) it follows that \h, h) is an eigenstate with eigenvalue h 

Lo\h, h) = h\h, h) . (D.64) 

On the other hand, eq.( p.62] ), together with the Virasoro algebra show that L_„ with n > act as 
raising operators. Indeed 

LQL^k, ■■■ L^kjh, h) = {h + ki + ■ ■ ■ + kn)\h, h) . (D.65) 

The state L_fcj ••• L_fc„|/i, /i ) is called a descendent of level = Note that, as a consequence 

of the Virasoro algebra, states at different levels are orthogonal. The subset spanned by \h, h) and 
its descendents is closed under the action of Vir x Vir, this subset is called a Verma module. Each 
Verma module is determined by the central charge c and the conformal weight h, h of the primary 
field corresponding to the highest weight state. The full module is the direct sum of the various 
Verma modules V associated with the primary fields of the theory 

n = ^Vic, hi)^Vic,hi) . (D.66) 

i 

In general, given V(c, h), negative norm states can be present. The Verma modules in which all the 
states have positive norm are called unitary. From a physical point of view, unitary Verma modules 
are particular important, in this case W is a Hilbert space. Necessary conditions for unitary Verma 
modules are clearly c > and h, h > 0. In particular, when < c < 1, a discrete series of unitary 
Verma modules can be found (minimal models); remarkably, among them one can find well known 
statistical models like Ising, tricritical Ising, 3 state Potts. One of the crucial property of minimal 
models, is the existence of states of null norm; we shall see that this fact gives rise to non trivial 
constraints on the operator algebra. 

D.8 Operator algebra and conformal blocks 

Descendent states can be obtained from the highest weight state by applying with n > 0; it is 
natural to define the corresponding descendent fields 

L_„|/i, /i) = L_„ 0(0, 0)|0 (0,0)|0) n>0 . (D.67) 
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A similar definition can be given for (p(^^ . In general the holomorphic field {Ln4>){w) is defined 
in terms of the mode expansion of T[z)(f)[w) around w 

T{z)<p{w) = Y.iz-w)-'^-^ {Lncp){w) . (D.68) 

Singular terms can be determined by using the OPE between T{z) and (j){w), the regular part 
is given by Taylor expansion. A primary field (p, together with all its descendents is called the 
conformal family of (/). An important consequence of OPE is that correlation functions involving 
descendent fields and primary fields can be expressed in terms of correlation functions of primary 
fields only. Indeed 

(D.69) 



where the differential operator is defined as 

(m — l)hi 1 



i=l 



{wi — w)"- {Wi — w) 



n-1 



5„ 



(D.70) 



Eq.( D.69| ) implies that all the correlation functions of the theory can be worked out from the 
knowledge of the primary fields correlation functions. Moreover, because the form of the two-point 
function is completely constrained by global conformal invariance (see eq.( D.2j )), when one is able 
to produce the complete OPE (regular term included) between primary fields, all the correlation 
functions can be calculated and the theory is solved. The OPE between two primary fields can be 
written as 

p {k,k} (D.71) 

where (j)p^'^^ represents a generic element of the conformal family of (pp, and K = ki, K = fcj. 
The dependence on z, z is fixed by global conformal invariance. Given a conformal theory, the set 
of all OPE's between primary fields gives rise to the so called conformal algebra. As we have seen, 
the knowledge of the conformal algebra amounts to solve the theory. One can show that 

where Cpij are the same coefficients appearing in the three point function in eq. (p.29|) . Moreover, 

Plj and Plj can be computed from the definition in terms of the conformal weights and the 
central charge. Thus, the conformal algebra is determined by the coefficients Cpij involved in the 
three-point function. 

Clearly, it would be nice to have some constraints on Cpij; with this goal in mind, let us consider 
the following matrix element 

Gl\{X,X) = {h,hi\Mhl)MX,X)\hi,hi) . (D.73) 

The matrix element can be expressed in terms of the four-point function which, by global conformal 
invariance, depends only on the anharmonic ratios 

y _ jzi - Z2){Z3 - Z4) - _ {Zi - Z2)iz3 - Z4) , . 

A — , A — — — — . l-L'./4j 

[Zi - Z3){Z2 - Z4) [Zi - Z3){Z2 - Z4) 
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By an SL{2,Z) transformation one can set = 0, zi = oo, Z2 = 1, thus z^ = X. By using the 
conformal algebra to contract 03 with (j)2, one gets 

GlliX,X) = Y.'^!2Cl,AfMX,X) , (D.75) 



in eg . (ID. 751) we have defined 

All{p\X,X) = (Cf^y^ X'^^-'^^''^^ X'^^-'^^-'"^^ ^/3W4^>X^X^(/ji,/ji|</>2(l,l)0f'(O,O)|O). 

{k,-k} (D.76) 

As usual, the holomorphic and anti-holomorphic parts factorize 

AfMX,X) = :Fll{p\X)^ll{p\X) . (D.77) 

The holomorphic and anti-holomorphic parts of A are called holomorphic conformal blocks and anti- 
holomorphic conformal blocks respectively, and they can recursively be calculated by the definition 
in terms of conformal weights and the central charge. When expressed in terms of conformal blocks, 
eg. ( D.75 ) becomes 

Gf,{X,X) = Y,C!2Ci,:Fll{p\X)^ll{p\X) . (D.78) 

p 

Conformal blocks can be understood as intermediate states entering the decomposition of the four- 
point function. We note that by using global conformal invariance one can equivalently set Z2 = 
0, Z4 = 1, zl = oo, thus Z3 = 1 — X, and contract (p^ with (/)4, put differently, the conformal algebra 
must be associative. One obtains 

GlliX,X) = GlUl-X,l-X) . (D.79) 

Eg.( D.7S| ) constrains the conformal algebra, namely Gf^; indeed 

C^nm Cl T'^iMX) T'^iMX) = Cl, Cf^ T^t{p\\ - X) T^l{p\V - X) . 
P P (D.80) 

Eg.dO^) shows a crossing symmetry in the decomposition of the four-point function by using 
the conformal algebra. The program to determine the {Gfj} from Eg. ( D.80 ) is called conformal 
bootstrap. Whether the bootstrap program is viable in a generic conformal field theory is an open 
problem, however, notably, it works for minimal models. 



D.9 Fusion rules 

The fundamental objects entering the OPE between two primary fields are the coefficients {Cfj}, 
they determine which conformal families appear in the decomposition. One can focus the attention 
on this aspect by defining the fusion coefficients as 

{ 1 otherwise ' (D.81) 

By using the fusion coefficients, the OPE between two primary fields can be represented in a compact 
way as 



p 



(D.82) 
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The rule given in Eq.( D.82 ) is used to define an associative algebra called fusion algebra. In 
particular, the conformal family corresponding to the unity operator 1 gives rise to trivial fusion 
rules 

Af[, = Jf . (D.83) 

At this level, the crossing symmetry of the conformal algebra translates into the associativity of the 
fusion algebra, explicitly 

E-^i^-^P = E-^^-^- • (D-84) 

p s 

We note that defining the matrix (Ni) by 

(iV^W = , (D.85) 

eq.( p.84 ) can be interpreted as 

AT. . Nj = Nj ■ Ni , (D.86) 

the dot denotes the standard matrix multiplication. The set of matrices {Ni} is Abelian. As a linear 
space, {Ni}, give rise to the regular representation of the fusion algebra by means of Eq.( D.8'| ); the 
action of Ni on A'^j is defined as 

s 

One of the non trivial consequences of the existence of a null vector in a Verma module is a constraint 
on the possible values of the fusion coefficients. 



D.IO Wess-Zumino-Witten model 

As an important example of CFT we shall discuss in this section the Wess-Zumino-Witten (WZW) 
with a compact and simple Lie group G. For our purpose, it turns out that the WZW model is 
paradigmatic, it has been conjectured that all rational conformal field theories can be obtained from 
it by the coset construction. 

The starting point is a bosonic a— model with the group manifold of G as the target space; the 
action is 

Saig] = ^ j d'xTi{d>'g'^d^g) . (D.88) 

The field g takes values in G; the trace is defined as in Chap.l. The action ( p. 88 ) is invariant under 
a local G X G transformation 



hg{x)h''^ =S„[g], h,h'GG . (D.89) 



Unfortunately, the classical conformal invariance does not survive at the quantum level; the /?— function 
is different from zero, and the model is asymptotically free. To solve this problem, Witten proposed 
to add a Wess-Zumino term to S^, the new action of the model is 

S^[g] - ikTmM ■ (D-90) 

The boundary S of the 3-manifold M3 is the world sheet of the cr— model; we mainly focus our 
attention on S = S*^. The field g, living in M3, is an extension of g on M3. The extension exists 
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because vr2(G') = 0, thus the maps g : S"^ ^ G are aU homotopicahy equivalent. Moreover, one 
can find gt : [0,1] x 5^ — > G with gt=o = g, and gt=i the constant map on S"^. The extension 
is defined by taking M3 = B"^, where B"^ is the three ball with dB^ = S"^. The extension is not 
unique; however by taking k integer, the quantum partition function is well defined. This can be 
understood as follows. The difference between two extensions can be written as 



A 



M3 



Mi 



Tm 



(D.91) 



where dM^ = dM^ = 5^, and M = M3 U M3 is a compact 3- manifold homeomorphic to S"^. From 
the analysis of Chap. 1 it follows that F^^ = m, where m is an integer. Thus, the quantum theory 
will be independent by the chosen extension when k is an integer. 

The Wess-Zumino-Witten model is defined by setting = ^tt/k; this particular value of A 
corresponds to the vanishing of the one loop /?— function. The WZW action can be written as 



Swzw = -^j o^'^Tr {d^^g-^d^g) - iKT[g] 



(D.92) 



As it is shown in App.A, the variation of the Wess-Zumino term is a boundary term; as a result, 
the variational principle for Swzw is well defined and it leads to the following equations of motion 



dJ{z) = , 
J{z) = Kg'^dg 



Eq.( D.9-| ) also implies the existence of a conserved holomorphic current: 



dJ{z) 
J{z) 



-Kdgg ^ 



(D.93) 
(D.94) 



(D.95) 
(D.96) 



D.10.1 The Kac-Moody algebra 

The holomorphic and anti-holomorphic currents that appear in the equations of motion are associ- 
ated with a new invariance of the WZW model. Namely, the global G x G global invariance of the 
(7— model is enhanced to 



g^n{z)gn-\z) , 



n{z), n{z) G G 



(D.97) 



The invariance of Swzw under the transformation ( D.97| ) can be established by using the Polyakov- 
Wiegman identity 



k 

Swzw [gh^^] = Swzw [9] + Swzw [h~^] = ^ / d^xTi [g~^dgh~^dh) 



(D.98) 



which can be derived from eq. ( [AUD in App.A. The invariance ( p.97| ) gives rise to the following 
Ward identity 



( 



2m 



with 



dzUj"'{z)Ja{z) + (f) dzU!°-{z)Ja{z) 



(D.99) 



J(z) = ta-Piz), J{z) = tar{z) , 

n{z) = 1 + Lo'^izYa +••• , 
0(Z) = 1 + Uj''{z)ta +■■■ . 



(D.lOO) 
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In eq.( plOOl ) we have introduced the generators {ta} of G; we do not use capital letters in order to 
avoid confusion with the energy-momentum tensor. Setting in (D.99) = J{w) or = J{z), one 
easily gets the following OPE 



Ja{z) J\w) 
Ja{z)j\w) 





+ 


^fab 


Jc 


» 


{z — wY 




- w) 


K^ab 


+ 


'''fab 


Jc 


[w) 


{z — wY 




- id) 



(D.lOl) 



In the operator formalism, the OPE (D.lOl) translates into the Kac-Moody algebra for the current 
modes 



ja jb 

ja Jb 
ja Jb 



'''fabc Jn+m ~^ '^'^afe ^0,n+m ; 
ifabcJn+m ~^ I^T^^ab ^0,n+m i 

, 



with 



r{z) = Y^z'^-^ji, 



r{z) = Y^-z-'-^r^ . 



(D.102) 



(D.103) 



n£2 



The currents are associated with a pair of the affine Lie algebras x at level k; is also known 
as Kac-Moody algebra in the physics literature. 



D.10.2 The Sugawara construction 

Beside the current algebra, the WZW model is also conformal invariant; to study this aspect one 
has to define the energy-momentum tensor. From the classical definition one finds that T[z) is 
proportional to J"'{z)J'^{z). At the quantum level this expression is ill defined; the usual normal 
ordering procedure fails because the WZW model is not a free theory; moreover the normalization 
of T{z) is fixed by the OPE, a consistent definition of T(z) must be in agreement eq.( p.35 ). A 
suitable definition of T{z) (a parallel analysis can be given for T) is the following 



Tiz) = i{rr\.,g,{z) 



(D.104) 



where ( )reg. means that in the OPE only the regular terms must be retained, the constant 7 
is determined by imposing eq. (P^ for the energy momentum tensor. In terms of modes, the 



prescription (D.104) is equivalent to push all the J„ with n < to the left of the operators Jm with 
m > 0, this clearly resembles the normal ordering for non interacting field theories. The value of 7 
is given by 



7 



2(k -I- Ct, 



(D.105) 



where is the value of the quadratic Casimir in the adjoint representation, defined as facdfbcd = 
Cv Sab- The form of the energy- momentum tensor, quadratic in the Kac-Moody currents is known 
as the Sugawara form. The central charge is given by 



kD 



(D.106) 
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where D is the dimension of the Lie algebra. The expHcit form of the Virasoro generators is the 
following 



Lr 



1 



2{K + Cy) 



Eja ja I ja ja 

"m '^n—m ' / ^ *^n— m "^m 



m< — l 



m>0 



(D.107) 



D.10.3 Primary fields and integrable representations 

Conformal primary fields are the fundamental objects in CFT; as we have seen, they encode all 
the wanted information. In the WZW model the situation is slightly different; the fundamental 
symmetry is contained in the Kac-Moody algebra; since the energy-momentum tensor is expressed 
in terms of the Kac-Moody currents, it is natural to guess that the notion of primary field is related 
to the transformation property under the G{z) x G{z) symmetry. A WZW primary field <px^f_i{z,z) 
in the WZW is defined to transform in a covariant way under G{z) x G{z), namely 



(D.108) 



A is the highest weight of the representation Qxi^), and fi is the highest weight of the representation 
0^(2;). Because of the Ward identity ( p.99[ ), Eq.( |D.108[ ) is equivalent to the following OPE 



J''{z)(j)xA^,w) 



{z — w) 



(z 



w) 



(D.109) 
(D.llO) 



In the previous equation matrix multiplication is understood. In particular the field g is itself 
WZW primary. We shall see that restricting oneself to finite dimensional representation of G in the 
definition of WZW primaries is not a limitation. As usual, to each primary field one associates an 
"in" state 



I<Aa) = -^aWIO) 

From the OPE ( p.llO|) it is easy to derive the following commutation relations 

(/>aM] = -tl(l)x{w)w^ n>0 . 
Thus, the definition of a primary field in eq. (|D.110D can be restated as 



^0 \4>x > 



,a 
'^X 







n > 



(D.lll) 



(D.112) 



(D.113) 
(D.114) 



By using eq. (p.ll2| ) and eq.( D.107 ) it is straightforward to show that a WZW primary is also a 
Virasoro primary; indeed 



Lq \<I)x > = hx {(px >, 



with 



Lr. 



cx 



> = n > 



2(k + Cy) 



(D.115) 



(D.116) 



where cx is the value of the quadratic Casimir in the representation with highest weight A. It should 
be noted that a Virasoro primary is not in general also a WZW primary. 
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As in the pure Virasoro case, the primary field (px,^^ gives rise to a highest weight representation 
for the affine algebra x 5k> the descendent states (or field) are obtained from cpx,^ by applying 
J-n^ J-n ^"^^ L-rm ^-m- Given any local field, it can be decomposed in terms of descendents 
of some primary field, corresponding to the highest weight state of a representation of the affine 
algebra. By means of Ward identities, by using the same strategy as in eq. ( pl9D , all correlat ion 
functions can be inferred from the knowledge of primary field correlation functions. Beside the 
invariance under global conformal transformations, that leads to equations of the type ( D.2^ ) and 
( D.29| ), the WZW model is also invariant under global G x G transformations, this constraint fixes 
the two and three point function in terms of conformal weights and the Clebsch-Gordan coefficients 
of G. 

A powerful tool in deriving the operator algebra of the theory is the existence of null vectors in 
the highest weight representation. This is not new; the Kac analysis of Verma modules has revealed 
the existence of such vectors for a family of representations with c < 1 corresponding to minimal 
models whose fusion rules can be worked out. In our case, we are interested in the Kac-Moody null 
vectors. The first example is the following null field 



Xiz) 



1 



J-lli 



1^ ~\~ 

where (j)i is a primary field. By using the following representation for the insertion of J°^: 



(D.117) 



{4)l{zi) ■ ■ ■ J":i(t)i{Zi) ■ ■ ■ (t)n{Zn)) = ■ 



Zj) 



{4>l{zi) ■ ■ ■ (pn{Zn) 



(D.118) 



one derives 



{<Plizi) ••• Xizi) ■■■4>n{Zn)) 



9., + 



3Tt 



E 



As a result the Knizhnik-Zamolodchikov equation follows 



iM^l) ■■■ M^n)){B. 119) 



[Zi 



(0l(zi) • • • (pniZn) ) 



(D.120) 



Eq.( D.120 ) is a partial differential equation for primary field correlation functions; although a 
general solution is not known, for n = 4, by using global conformal invariance, it can be reduced to 
an ordinary differential equation for the four-point function which can be solved in terms of hyper- 
geometric functions. As we have pointed out in Chap. 8, the Knizhnik-Zamolodchikov equation 
encodes the monodromy properties of the correlators related to braid group representation. 

Let us now look more closely to affine algebra representations. The crucial property is the 
existence of a null vector in each integrable representation; this fact gives rise to rather stringent 
selection rules. Let 9 be the highest root of the Lie algebra of G, and 



{9, 9) 



: hi 



(D.121) 



where {/ij} is a Cartan subalgebra of the Lie algebra of G 
P- = Jt,,P+ = J J. and P:^ = m- j'^^ with m 



J-f and P3 : 



The elements of the afhne algebra: 



P3, [P3, P+] = 2P+, [P3, P- 



2k{9,9), generate an su{2) subalgebra; indeed 
-2P_ . (D.122) 
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Thus, any representation of the affine algebra can be decomposed into a sum of representations 
of su{2). Let |A > be the state of the representation of g/. corresponding to the highest weight 
representation of the primary field (px, and TZx[su{2)] the representation of su{2) containing |A >. 
Because (f)x is a primary field, the quantity M/2 defined as 

PgjA > = (m - 2^^^ ) |A > = M|A > , (D.123) 



gives the "angular momentum" content of TZx[su{2)]. The representation of gk, associated with (px, 
is called integrable when TZx[su{2)] is finite dimensional. A necessary and sufficient condition is 
that M be an integer. It can be shown that TZx[su{2)] is irreducible; thus 

(P_)*^+^|A > = . (D.124) 

For fixed k there is a finite number of integrable representations. For each integrable representation 
there exists a null vector |A >. It is a remarkable fact that one needs to consider integrable 

representation only; indeed, consider (px^i associated with a non integrable representation of gk, it 
turns out that 

{Mzi)---'Px„SZr)---MZn)) = . (D.125) 

As a consequence, only integrable representations are relevant from a physical point of view. The 



existence of the null vector ( D.124 ) also strongly constrains the form of the three point function; 
one can show that 



'4)^' {(Pxiz)Mzi)Mz2)) = for any h + 12>M + 1 

(D.126) 



For example, when G = SU{2), by using Eq.( p.l2"6 ), the fusion rules can be determined completely. 

D.ll Modular invariance 

Up to now we have considered CFT on M^, or more precisely on the Riemann sphere. Modular 
invariance is a tool to study CFT on two dimensional manifold with non trivial topology. Non 
trivial topologies come in naturally in many applications of CFT; two important examples are: 
statistical models at criticality with periodic boundary conditions in both directions and string 
theory. 

For concreteness let us study a classical dilatation invariant scalar field theory on a compact, 
orientable two dimensional manifold T,g (a Riemmanian surface of genus g). The action is 

S[h,ip]= [ cfVhh^''{df,ip){d,ip) , (D.127) 



where h^i, is the background metric. The topology of Sg is specified by its genus g, i.e the number 
of handles. In two dimensions, locally, the metric can be put in the form h^i, = rj^i, exp2/(x), 
i.e. any metric on is locally conformally equivalent to the standard Euclidean metric. This fact 



implies that, locally, the action ( D.127 ) coincides with Sli], (p]. Thus, when one is concerned with 
local aspects, the analysis goes along the same lines as in Sect. A. 2; in particular the holomorphic 
and anti-holomorphic sectors of the theory decouple. It should be noted that at the quantum level 



gravitational anomalies play an important role. The action ( p. 127 ) depends on the gravitational 
background only through the tensor density h^^, = ^/hhf^,^; at the quantum level, if one respects 
diffeomorphism invariance, Weyl invariance is anomalous, and the Weyl anomaly is proportional to 
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cR, where R is the trace of the Ricci tensor and c is the famihar central charge. Alternatively, one 
may keep the variable h^i, and shift the anomaly into a diffeomorphism anomaly |^^. When S is 
5^, the conformal gauge h^i, = rj^i, exp2/(x) exists globally; on the contrary, when g > 1, the 
conformal gauge exists only locally. The action ( p. 1271) depends only on the conformal structure of 
M, moreover a complex structure on M is in one to one correspondence with a conformal structure 
on M; as a result we expect, up to an anomalous factor, a dependence of the partition function 
on Ep on a set of parameters that describes the space of inequivalent complex structures on T,g, 
the moduli space. For S'^ the moduli space is trivial, there is only one complex structure. When 
g = 1 (the torus) the moduli space is described by one complex parameter r subject to the following 
constraints 

Im(r) > , 

r' = — — - , a,b,c,d,£7jad — bc=l, r and r' identified. (D.128) 

CT + a 

Thus, T and r' are identified when they are related by an element of the modular group PSL{2, Z) 
which is generated by 

t: T + I , 
1 

s: T ^ , 

T 

with {stf = = 1 . (D.129) 

The modular group coincides with the mapping class group of the torus encountered in Chap. 5, this 
is not accidental. The moduli space of the torus is obtained from the TeichmuUer space Tei(Si) as 
Tei(Ei)/P5L(2, Z). The TeichmuUer space Tei{T,g) is defined as the space of metrics of constant 
curvature on S^, modulo diffeomorphisms connected with the identity. On the torus, the modular 
group corresponds exactly to those diffeomorphisms not connected with the identity. 

The partition function on the torus will be a function of r, the requirement of conformal invari- 
ance on the torus is formulated in terms of modular invariance of the partition function: 

Z{t) = Z{t + 1), Z(r) = Z{-1/t) . (D.130) 

Differently from the g = 0, the holomorphic and anti-holomorphic parts do interact; imposing 
eq.( p.l30| ) gives non trivial constraints on the spectrum of the theory. We shall consider here the 
case g = 1: the torus topology. 

In CFT the partition function admits the following representation 

Z(t) = T>fg^»-^/24 -Lo-c/24\ ^ (D.131) 



with q = exp(27rzr) and q = exp(— 27rzr*) (g is not to be confused with deformation parameter of 
CS theory). The trace is taken over the full Hilbert space of the theory. The partition function is 
related to the formal character associated with a Verma module 

oo 

X(e,/.)(r) = Tr(g^o-'=/24) = dim(/i + n) g^+'^-^Z^^ , (D.132) 

n=0 

h is the weight of the highest state of the Verma module, and dim(/i + n) is the number of 
linearly independent states at level n. In the case of a CFT with a current algebra symmetry, 
eqs. ( D.131 ) and ( D.132| ) still hold, Verma modules are replaced by the modules associated with 



integrable representations of the affine algebra, and X{c,h){'^) becomes the formal character of the 
affine algebra. Thus, as anticipated, modular invariance ties together the holomorphic and anti- 
holomorphic sectors. The first non trivial example is a free-fermion on a torus. There are two types 
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of boundary conditions: periodic (Ramond sector) or anti-periodic (Neveu-Schwarz sector); on a 
torus we have two directions in which boundary conditions have to be imposed, thus we have four 
sectors: (R,R), (R,NS), (NS,R), (NS,NS). It turns out that there are only two possibihties to satisfy 
modular invariance: only the (R,R) sector is present ( the partition function in this case vanishes), 
alternatively the sectors (R,NS), (NS,R), (NS,NS) must be present at the same time. 

We shall now address the relation between modular invariance and fusion algebra. The characters 
transform covariantly under modular transformation 

Xi{-l/T) = ^SimXm{T) , 

m 

Xi{T + 1) = ^7;„Xm(T) . (D.133) 

m 

Modular invariance permits to prove the so called Verlinde formula 



The matrices S and T satisfies 



{STf = C , (D.135) 



with Cij = 6ij*. Thus, in general, the matrices S, T acting on the space of characters give rise 
to a representation of the double covering of the modular group. Notice that Eg. (p. 134] ) can be 



interpreted as an eigenvalue equation for the action of Ni in the regular representation of the fusion 
algebra; in this sense the matrix S diagonalizes the fusion rules. Let us consider what happens to 
conformal blocks when the topology is non-trivial. Recall that a conformal block essentially describes 
the intermediate states entering the decomposition of the four-point function (see eq.( D.78| )), this 



concept can be generalized to an arbitrary n-point correlator as describing the intermediate states 
entering < • • • 0n >• The generalized conformal block {I is a collective index) will be a 
holomorphic function of n — 3 variables describing the insertions of the primary fields of the n-point 
correlator. Let us introduce the vector space Vn of linearly independent n-point conformal blocks. 
What happens to conformal blocks J-^ on a Riemannian surface ? Locally there is no difference; in 
a small neighbourhood is a holomorphic function; however globally it becomes a section of 

a bundle. The vector space Vn will in general depend also on the genus of T,g in which the CFT is 
defined; for this purpose we introduce the new notation V{T,g^n)- The vector space V(Tig^n) can be 
considered as the fiber of a holomorphic vector bundle over the moduli space M(Sg_„) of a Riemann 
surface with n punctures corresponding to the location of the primary fields entering the correlator. 
In particular the fusion coefficient represents the dimension of V{Tig^n) when n = 3. Thus, the 
Verlinde formula can be also interpreted as the computation of dim(l/(Sg^3)) in terms of the action 
of the modular group on the characters. 

D.12 Witten's approach to Chern-Simons theory 

After this little tour in the realm of CFT, we come back to CS theory, namely to the Witten's 
original solution given in his 89' paper [^]. The essential tool used by Witten is the relation 
between two dimensional conformal field theory and three dimensional CS theory; about this topic 
see also [7C]. 



For reasons that will be clear later, the constant k in the CS action will be denoted by i in this 
section. Let us consider the CS theory in S^; as shown in Chap.l, i must be an integer. Following 
Witten, we shall use the following notations 

Z{M,Ci,---Cn) = Z{M,L) = (0|PF(Ci, ••• C„; pi, ••• p„)|0)|_^ , 

(D.136) 
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and 

(W^(Ci,...C„;^i,...p„))|^ = (D-137) 

for the expectation value of n Wilson lines associated with the non-intersecting knots {Ci, • • • , .C„} = 
L in M with colours pi, - ■ ■ ,Pn- All the knots are framed. We would like to answer the following 
questions: 

• How to compute Z{S^, L) ? 

• How to compute Z{Ai, L) ? 

The crucial observation is that the Hilbert space of the quantum theory is finite dimensional and is 
isomorphic to VCSg^n) introduced in the previous section. The way to establish this connection is 
the canonical quantization of CS theory. One can cut the three manifold M along a two dimensional 
Riemann surface T,g, the knots {Ci} pierce E in n marked points carrying non-Abelian quantum 
numbers corresponding to the representations {pi} of G, thus actually the surface has to be regarded 
as Tig^n- In this picture, M looks like x M, where M will be interpreted as the "time" in the 
canonical framework. The 2+1 splitting of the action is 

Scs = ^ j dt J^cfxe'^TriAdtAj + AoFij) . (D.138) 

The action is quadratic, apart from the non-dynamical field Aq imposing the constraint 

Ftj = ■ (D.139) 

For the moment we have ignored the Wilson lines piercing which act as sources. The physical 
phase space (reduced) Mod(S) is given by the flat connection on S, modulo gauge transformations; 
this space was studied by Atiyah and Bott and they found [^] that it is compact and finite di- 
mensional. The quantization of the compact reduced phase space Mod(S) is a difficult problem; 
a solution is available when Mod(S) has a Kahler structure. One can get a Kahler structure on 
Mod{T,) by picking an arbitrary complex structure on T,g. The quantization of the classical phase 
space, with the Poisson brackets promoted to commutators, produces a Hilbert space which 
depends on the complex structure picked on S^; one can show that actually TCs can be interpreted 
as a holomorphic flat vector bundle on the moduli space of . Witten's analysis strongly suggested 
that actually the Hilbert space TCs must be identified with y(Sg). From a CFT point of view, 
y(Sg) is the space of conformal blocks associated with the correlators of the identity conformal 
family, and Dim(V{T,g) = 1. The previous picture can be extended to the case when Wilson lines 
piercing T,g are present, provided that the corresponding representations pi of G give rise to high- 
est weight integrable representations of the underlying affine algebra ge; as consequence, there are 
restrictions on the quantum numbers for the sources in S. From a three dimensional point of view, 
this is equivalent to the statement of the vanishing Z{S^, L) when one the {pi] corresponds to 
a non-integrable representation of gi^. We have recovered the null elements of the tensor algebra 
entering the reduced tensor algebra construction of Chap. 4. There is a point to be clarified: the 
relation between ^ and and the renormalized CS coupling constant /c, the answer to this question 
will be clear at the end of the calculation of CS observables using Witten's approach. 

As a first example, let us consider the distant union L of two links Li and L2 in M. One 
can cut M along a two sphere S"^, and imagines it as the connected sum of A4i and M.2 with 
dM-i = dM.2 = S"^ . The two "pieces" Mi and M.2 of M are chosen in a such way that no 
component of L pierces S"^. The Feynman path integral on Ai with the link L can interpreted as 
follows 



Z{M, L) = (r/i, r?2) 



(D.140) 
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One first integrates over the fields living in Aii with fixed boundary conditions, say (j), on dAi2 = S"^, 
the result is the path integral representation for a state 7/2 of the Hilbert space 7^52 of the CS theory; 
the state T72 will depend Li. In the same way, the path integration on A^2 with the same fixed 
boundary value (j) for fields on dAii = S'^ represents a state on the dual space of "^52. Finally, the 
path integration over the boundary value (j) simply produces the inner product between r/i and 7/2 
on the right hand side of eg. ( p .1401 ). In particular, can be chopped along S*^, producing a pair 
of three balls Bi and B2; thus for the partition function one has 

Z{S^) = (77, V) . (D.141) 

From CFT one infers that actually DimiTCg-z) = 1, and the inner product is trivial; thus, from eqs. 



(P.140D and (|D.14lD one has 

Z{S') Z{M, L) = (r?, r/O (r?i, 7,2) = {m, v) iv' , m) ■ (D-142) 



The right hand side of eq.( D.14"^ ) can be understood as the product of the partition function on 
M'l obtained from TWi by gluing B2 along S"^ with the partition function on M'2 obtained from 
M.2 by gluing Bi along S"^ (see Fig.D.2). In other words 

Z{S^) ZiM, L) = Z{M[, Li) Z{M'2, L2) . (D.143) 




B B 

I 2 

Figure D.2 



When M = S^, eg . (p .1431 ) takes the form 



{WiL))\^, = {W{Li))\^,{W{L2))\,, , (D.144) 

eg. ( p. 14^) describes exactly the factorization property of Chap. 2 (see eg. (|2.38| )). 

The decisive step toward the calculability of CS observables in is to show that they satisfy 
a skein relation entering the definition of link invariants (see App.B). Let -L+ be a any link in 5'^, 
and G = SU{N) the gauge group, with all the components of L associated with the fundamental 
A^-dimensional representation pat of SU{N). Consider a three ball B C chosen in a such a way 
that it contains an elementary over-crossing configuration between two strings of -L_|_; by cutting 
along dB, Z{S'^,Lj^) can be represented as 

Z{S\ L+) = (x, r?+) . (D.145) 



The states x ^-nd r]j^ belong to the Hilbert space Ws, with S a two sphere with four punctures 
associated with pN, PN, P^, p}^- Following the same method, one can consider the states 7]o and rj- 
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Figure D.3 



corresponding to a no-crossing configuration and to an under-crossing configuration in B respec- 
tively. In other words, we have chosen three links Lq, L_ in that difi'er only in a region B as 
shown in Fig. D.3. 

The skein relation simply follows from the fact that the states ?7+, % and V- linear dependent. 
Indeed, in this case, Dim('Hs) = 2; the four-point correlation function < 4'pn4>pn^p%^p% > of ^he 
WZW model must be invariant under the global group of transformations SU{N) x SU{N), and the 
trivial representation appears exactly twice in the tensor product pN Pn P*mP*m- As a result, there 
exist complex numbers a,/3 and 7 such that 



Q?7+ + /?ryo + 7?7- 







From eg. ( D. 146 ) it follows that 

{aW{L+))\^, + /3(ty(Lo))|s3 + l{W{L^))\^, 



0, 



(D.146) 



(D.147) 



which is the promised skein relation. The values of a, /3 and 7 are also provided by the CFT; they 
can be determined by the monodromy properties of the WZW conformal blocks analyzed in by 
Moore and Seiberg. The results is 



a. 
7 



w^^'^ — w 



-1/2 



(D.148) 



with w = exp{2Tri / (N + i)) . It is understood that the links entering the skein relation have preferred 
framing. By using the skein relation, it is easy to find the value of the Wilson line associated with 
unknot C 



a + P 
7 



w 



N/2 



W 



-N/2 



W 



1/2 



W 



-1/2 



(D.149) 



The last ingredient is the behaviour of the observables under a change a framing. From the CFT 
point of view, an elementary change of framing can be interpreted as a the action of an element of 
the modular group corresponding to a Dehn twist whose action on the space of conformal blocks is 
known; as result one has 



(^^(C(1),P) 



„2nih 



(D.150) 
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The knot C has preferred framing, and hp is the conformal weight of the WZW primary field (/>p, 
namely, from eq.( D.ll^ one has 



Finally, let us briefly address the problem of the calculation of Z{^A). Consider a surgery presen- 
tation of a three manifolds M. consisting of a knot C in 5^. One cuts from a solid torus N 
corresponding to the tubular neighbourhood of C, then the boundaries and (5^ — A^) are glued 
back according to a given homeomorphism. The boundaries: dN and d{S^ — N) are tori, thus the 
gluing homeomorphism is determined by an element K of the mapping class group of the torus. 
From the CFT point of view, the action of the mapping class group on the space of conformal blocks 
y(Ei^o) corresponds to a modular transformation. In particular, for a fixed level on can pick a 
basis {vi\ on V{Tii^q). As studied by Verlinde in |61], the action of -ftT is a linear transformation Ki^ 



Kvi = Ki^Vj . (D.152) 

Because in the starting manifold there is no Wilson line, the partition function on M. is repre- 
sented by 

Z{M) = Kq^ W{S^,C Pi) . (D.153) 

In principle, more involved surgeries can be examined, although explicit calculations would be 
difficult. A comment must be added. From Chap. 7 we have already known that Z{M) is not a 
topological invariant; a suitable phase must be provided. Indeed, the element of the mapping class 
group is not uniquely determined; given an element u, u and u ■ T"^, with m integer, give the same 
surgery, in the sense that the resulting manifolds are homeomorphic. This fact produces a phase 
ambiguity exp(— 2m7rzc/24) in the partition function. Witten interpreted the present ambiguity 
as the manifestation of the three manifold framing, materializing the central charge at the three 



dimensional level. For further discussion see |72, 73|. 



Looking back at Chap. 3 a problem in Witten's solution of CS field theory appears: the expression 
of the unknot in eq. (|D.14S| ) differs from eq.( |3.54 ) in Chap. 3. The point is the relation between the 



level K of the affine algebra and the Chern-Simons coupling constant £; Witten sets £ = k. However, 
when i is identified with the renormalized coupling constant, as Witten implicitly does, the position 
i = K is inconsistent. From the explicit examples produced in this thesis, all in agreement with 
perturbative calculations, the correct identification is i = K + Cy] indeed for SU{N) c„ = N, and this 
is the only way to match eq. ( |3.54| ) and eq. ( p.l49| ) . There is also a simple symmetry argument which 
shows that eq.( p.54 ) cannot be trusted. Consider a change of the orientation of S"^, this corresponds 



in the CS action to send i into —i. The unknot and its mirror image are ambient isotopic; as a 
consequence, the value of the unknot must be invariant under i — > —i. From direct inspection of 
eq.( p.l4g|) , it follows that the only possibility is £ = k + Cy. 
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Numerical results 
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538.949599873 - i 711.(iU534315(i 


892.603898458 


4U 


-909.450887536 + i 660.754746927 


1124.143119192 


41 


1008.985242455 - i 362.383943545 


1072.088308877 


42 


-546.310790198 + i 213.568031595 


586.572061733 


43 


426.548198677 + i 219.303548819 


479.622155784 


44 


-24.267771377 + i 37.761389348 


44.887049949 


45 


0.000000000 + i 0.000000000 


0.000000000 


46 


-6.133571758 + i 44.625048641 


45.044596443 


47 


-558.735830232 - i 133.153503483 


574.382784800 


48 


394.055666358 + i 817.737034536 


907.729985094 


49 


-883.212092863 - i 1568.232505801 


1799.837990828 


5U 


410.499402001 + i 2151.913225229 


2190.716843400 
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